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ABSTRACT: .

In this paper, a model of the dynamics of intradaily exchange rates is presented. Banks
are risk neutral; they are either price-taker (when not quoting) or price maker (when
quoting). Each bank quotes in its turn. The current Over-The-Counter (OTC) exchange
rate is the quote of the quoting bank i.e. the expectation of the exchange rate at th?
forthcoming fixing conditional to its public and private information. Commercial traders
orders are exogenous and portofolio theory is used to model speculators’ behaviour.
Commercial orders are noisy; the noises are assumed to be independent, zero-mean and
homoscedastic. Two polar cases are considered: (i) If each bank is able to observe the
noises relative to the orders of its own clients, then the OTC exchange rate is shown to
obey a random walk with a constant conditional variance. (ii) If each bank is not aple to
observe the noises relative to the orders of its own clients, which is the case in practice, it
will look for a good predictor of the exchange rate at the forthcoming fixing which may be
a linear combination of the observed variables that span its information structure. The
OTC exchange rate is no more a random walk; its conditional variance is the sun_:l_of a
quadratic form of past values of the exchange rate (this is the condu_lr_mal
heteroscedasticity effect) and of an independent random variable (stochastic volatility).
Conditional heteroscedasticity appears to be closely related to non-observability of noises.

KEYWORDS: ARCH models, conditional variance, efficiency, exchange-rate,
heteroscedasticity, intraday, rational expectations, stochastic volatility models.
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1. INTRODUCTION

Empirical studies?  report that exchange rates changes exhibit conditional
heteroscedasticity and autocorrelation. Such a phenomenon was first pointed out by
Mandelbrot in his 1963 seminal paper. Since the early eighties, parametric statistical
models, e. g. AutoRegressive Conditional Heteroscedasticity (ARCH) models have been
developped.4 In this class of models, volatility is endogenously determined by an
autoregressive process. Continuous-time processes have also been considered.5 Whatever
the point of view, these approaches are but empirical.

This paper is an attempt in suggesting a theoretical explanation to the conditional
heteroscedasticity of time series of financial asset prices. The intuition of the paper can be
first presented by using a very simple model, somewhat in the spirit of Muth’s (1961) one.
Consider a walrasian market on which a good is traded. The demand for this good is
supposed to depend on two elements: its price p, and a random noise w,. For the sake of

simplicity, we shall assume a linear demand function with zero-mean and i.i.d. noises;

hence:
g, =-ap, +u,, Efuu,]=8,0; E[u,]=0.
On the supply side, the « representative producer » is supposed to face a deterministic
quadratic cost function:

Clq,)=aq /24P g, +v,
and its profit reads:
m,=p q-C4)
The representative producer maximises his expected profit; hence:
d
EE[HJII:-I]= E[P,Il,_.]—ﬂ'- q, _B =0.

The level of output depends of the expectation, by the producer, of what the price will
be:
g, =(E[p[1..]-B)/a.

3 For a recent survey of these works see e.g. Dacorogna et alii (1993). The higher the time scale the less
heteroscedastic and the less autocorrelated the data seem to be

4 For a recent survey see e.g. Bollerslev, Chou and Kroner (1992).

5 For a recent survey see e.g. Duffie (1989, 1992). The equivalence between GARCH (1,1) models and
mﬁmmprmhubunshowmundermmmemwmbyNelm(IM)
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The market equilibrium equation reads:
(E[pl,.]-B)/a=-ap, +u,
Taking conditional expectations on both sides of this last equation leads to the
following equation determining the value of the price expectation E[p,ll,_,]:

E[pfi.]=(B+a E[ufi. )/ +aa).

Two polar cases must now be distinguished, according to the definition of the
information set of the representative producer:

(i) The producer observes the noises u, i.e. he knows, at time 1,6 the values of the
sequence of past noises (u,_,,k=1,..., K). Since he also knows the sequences of past
prices and quantities, then he knows the true value of a. Mathematically, we shall say that
I,_, is the tribe generated by the set of three lagged variables :

L_1=0(p,_s:q g ¥y_gi k=1,.., K).

The price p, is the sum of u, and of a deterministic constant: the p's are i.i.d. and zero-

mean and, therefore homoscedastic. More precisely we get:
E[pll ]=B/(1+aa),
Var[p/[i...]=0*(p) =0} /a’.

(ii) The producer cannot observe the noises u: 1,_, is now the tribe generated by the set
of two lagged variables :

L_1=0(p,_4s9_pi k=1..,K).

Before he decides what will be the value of his ouput, he must infer the demand curve.
To do so, he will look for a good predictor p, of p,, which will depend on past values of
p’s and ¢’s. He can think, for instance, of a regression of p on g (for the K available
observations). We thus write:

o= fi(Prlits s PrkoBin) 4,

He can now choose the level of output, maximizing its expected profit; hence:
9, =(p,-B)/a

and the equilibrium condition reads:
(B, ~B)/a=-ap, +u,

or, finally:

6 Just before he decides about the volume of output.



p.=B-p) aa+u /a.

The price p, is no more stationary since we get:

E[p i, ]=(B~5,)/aa,
Varl[p ... ]= Warlp i, ]/ a? +02) /a2

Two questions now arise: (i) How important should be this phenomenon? (ii) Can we
generalize this result to financial asset prices and more precisely to exchange rates?

It is obvious that if our representative producer keeps in memory the sequence of past
prices and quantities, his estimation will, ceteris paribus, become more and more accurate
and p, will tend asymptotically to f /(1 +aa). Heteroscedasticity is counter balanced by
learning and the usual linear rational expectations model can then be viewed as a good
approximation of reality. This is no more the case as far as private information is taken
into account since it will remain non-observable by agents who do not get it. This will be
the case, even though information is partly conveyed from one informed agent to an

uninformed one through prices or volumes.

To illustrate the last proposition, let us turn to exchange rates. It is convenient to reason
as if two markets would exist: an over-the-counter (OTC) market, which is opened almost
continuously, and an auction market which is supposed to take place at the end of each
day. All orders are then centralised. Banks, in number B, intervene in the OTC market.
Trading arrangements are such that any bank must be a price maker P times a day and a
price taker (B-1) P times. The current exchange rate is thus the quote of the price maker, e.
g. the quoting bank. Since banks are supposed to be, on the short period, risk-neutral,
transactions are supposed to be bounded and the quote of the quoting bank, i.e. the current

exchange rate €,, must be equal to its expected value” at the end of the day; hence:

E| eB|I_,]=e,
This will be the case if common knowledge prevails. If not, it will equalize the

expectation of e, conditional to the quoting bank’s information ', :

E[eglli. ] =g,

7 We do not care for discounting.



I'; will include bank i’s private information and public information (e.g. the sequence
of past exchange rates since the opening of the OTC market) available at time ¢. Private
information can be thought as the set of the values of bank i’s clients’ orders. Two cases
must be distinguished:

(i) Each bank observes its own noises, i.e. it is able to know what the value of its
clients’ orders should exactly be in the absence of noises, and, consequently, the difference

between the « theoretical » values and the corresponding effective values. It can thus
estimate E eD[I'}] accurately.
(ii) Each bank does not observe its own noises. In that case, each bank can only look

for a good approximation of E[e b I]",], Conditional heteroscedasticity will be caused by

the variance of the estimators of the coefficients of the predictor &', of E[eD|I‘. ]

The link between the two markets is due to the assumption that every bank clears its
position at the end of each day. Using the framework of Broze, Gourieroux and Szafarz
(1989), it can be shown that the equilibrium condition for the auction market will express

as a stochastic difference equation.

To sum up, we have chosen the case of exchange rates to develop the rigourous
calculations necessary for modelizing how imperfect observability of noises make
conditional heteroscedasticity of prices to rise. For the sake of simplicity the
« fundamental » value of the exchange rate will be viewed as the value allowing for the
equilibrium of the market, once banks have cleared their position and will be identified to
the old fixing procedure. Finally, our conjecture is that the conditional heteroscedasticity
depends crucially on the accuracy with which each trader in the market -all are rational-
observes his private information. Two related questions will have to be examined in
detail :

(i) How accurate is the trader's observation of his private information? If the private
information is stochastic, as it is assumed in the paper, then does each trader observe, or
not, the noises relative his private information?

(ii) How private information is conveyed to the market?

In financial markets, prices and volumes are generally known by all the traders.
Nevertheless, to simplify the investigation of the existence of conditional

heteroscedasticity of time series of financial asset prices, the informative role of volumes



will be neglected; private information will be here supposed to be conveyed to the market
only through prices. Such an simplification is not drastic, since volumes are not generally
public information on the Over The Counter (OTC) foreign exchange market. The
functioning of this market will even be more simplified by considering that: (i) when it is
quoting, each bank quotes only one price instead of two (the bid and ask prices) and faces
an infinite elasticity to the other banks demand for currency (this avoids to make an
expectation of the demand), (ii) the volume of its correspondents’ orders is not taken into
account in the bank's information structure. With this simplification of the functioning of
the market, the quotes do not contain any information relative to volumes. Such a choice is
justified in the next section (see §2.A). Moreover, knowing its private information is not
complete, each bank is aware of the other banks' private information which are reflected
by their quotes. So quotes convey some information from one bank to another. Note that
this phenomenon is different from mimetic contagion (e.g. Kirman (1993) Orléan (1992),
Orléan and Robin (1991) and Topol (1991)) from "sun-spots” literature (Azariadis (1981),
Azariadis and Guesnerie (1982)) or "fads" models (for a survey see e.g. West (1988)).

The paper is organised as follows: the functioning of the OTC market is presented in
Section 2; the bank's optimal behaviour is described in Section 3; in Section 4, the
dynamics of the OTC exchange rate and a theoretical explanation of conditional

heteroscedasticity are presented; the conclusion is then given.

2. THE FUNCTIONING OF THE OTC FOREX MARKET

For the sake of simplicity and without loss of generality the OTC forex market is
viewed as a bilateral forex market (two countries and one foreign exchange rate) where
two currencies, the domestic one, namely 4, and the foreign one, namely f, are
distinguished. Note that the foreign currency f is quoted in the domestic currency d, i.e.
one unit of /= e unit(s) of d.

A. Trading arrangements

Domestic banks are in number BD and foreign banks are in number BF; the total
number of banks is B= BD+ BF. Banks are labelled from 1 to B. Each bank intervenes

whatever its nationality either:



(i) as a "price maker"; it is then quoting and has to make the counterpart of all orders
passed by other banks;

(ii) or as a "price taker"; it then trades -for itself and/or its clients- the amount of
currency it desires with the bank which is quoting.

We assume that this amount is bounded, for instance in terms of foreign currency. The
corresponding bound is qf *. Such an assumption is made for two reasons: (i) Trading
arrangements prevailing in the OTC forex market are usually that quantities are normalised
to one million USD. (i) We shall later assume risk neutrality for banks which implies
bounded transactions. Finally note that a bank is obliged to quote otherwise it will finally
be put off the market.

As a rational agent whose optimal behaviour is presented in the next section, each bank
has a horizon at which it maximises its expected wealth. It is also the date at which it is
supposed to clear its position in its risky currency (i. . the foreign currency for a domestic
bank and the domestic currency for a foreign bank). One point of view would be to
consider that bank's horizons are heterogeneous. This model of the OTC forex market
would be rather complicated. For the sake of simplicity, a common horizon is assumed, e.
g. it is identified to the fixing 8

The opening period of the OTC market -the intraday period- is divided into P sub-
periods in which each bank quotes only once; for the sake of simplicity, the following
assumption is made:

ASSUMPTION 1: The opening period of the OTC market is divided into an exogenous
constant number of P sub-periods and the banks are quoting sequentially in each sub-
period.

This assumption could be relaxed without harm to the results. Indeed, the times at
which commercial and speculative orders are given to the bank and at which transactions
with banks are made could be modelled by a Poisson process. Moreover, the function
¢ 5 0(¢) could be a random drawing in a uniform discrete distribution defined over the set
of digits from 1 to B instead of being a deterministic injection. Finally the parameter P
could be endogenized. Since B banks operate in the OTC market, there are B P quoting

times between two consecutive fixings (D-1 and D); D labels the current day. During each

8 The common horizon is called the fixing throughout the paper.
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OTC "day", denoted® {(D~1, D)} for the D" day, cach bank quotes P times, hence ¢
varies from | to BP within an opening of the OTC market.

At time ¢, the quoting bank is defined by the value of the function 8: N — [1, B]nN
which determines its label:
0(r)=i. (la)
The current time ¢ reads:
:=(p—l)B+£. withi=1to Band p=1to P
or
0(1)=t modulo B.
The quote, e?(‘), of the quoting bank, i =0 (¢), is but the OTC market exchange rate ¢,

prevailing at that time, hence:
0(r)
P

e, =g

1 (1b)

The labelling of variables is, thus, as shown on the following figure, for the exchange
rate:

Next Fixing Time

Moreover, we assume that the bank which is quoting is facing the demand from its
correspondents and we provisionally make the following assumption:

ASSUMPTION 2: Each bank has exactly (B 1) correspondents.

This functioning of the OTC forex market which has been presented has introduced:

(i) A forex market which consists of an OTC market crossed with an auction market.
This kind of "crossed-market" microstructure for a speculative market where agents are
either price maker or a price taker is quite unusual.

(ii) Two time scales: the shorter one characterises the OTC period and the longer one
the interval between two fixing times. To these time scales correspond two different
behaviours: risk neutrality of banks trading in the OTC market and risk aversion of
speculators.

9 The short hand notation {(D—], D)}, instead of (D——], D}r‘\N. is chosen for the sake of
simplicity.



Commercial orders are financial counterparts of exports and imports. Without loss of
generality, we assume that exports (imports) are denominated in domestic (foreign)
currency.'® As the OTC time scale is very small, it is rather sensible to think of exports
and imports being exogenous. Of course their prices and volumes and hence their values
vary with, among other variables, the exchange rate, but it is well known (see e.g. Magee
(1973)) that they react slowly to fluctuations of exchange rates. However, we allow for
noisy commercial orders; hence monthly imports or exports read:

ifﬁ; =MJ;{ + Vi (2a)
Xf{ =xi} + z-;d, (2b)

where M'f;{ and X4 M are the deterministic components respectively of imports and of
exports, V 3y and Vi are the corresponding noises and the label M is indicating the month.
The deterministic components correspond to the planned transactions and their
realisations depend on noises. Daily commercial orders are modelled in a similar manner;

hence:
ith =af ML v (3a)
D =*pMi+Vp
,'ff)-xgxMwD (3b)

where l’; {lD) and v {v D} are respectively the proportion of the deterministic
component of the momhly imports (exports) and the stochastic component of imports
(exports) on D-day, namely the daily noises. Assuming 30 days per month, the relationship
between the noises reads:

Poran: Bonine
2Vp =vigand EVp =Viy (3¢c)
D=1 D=1
The amoum of the daily commercial orders reaching bank i at time ¢ reads:
1;'{ JLf M M ,f (4a)
Xf'd ___’Qd J\.d Xﬁr[ ~m' (4b)

where J‘\.:Jr {1,"’] and v ,yr (v, v, ) are respectively the proportion of the deterministic
component of the daily imports (exports), i. e. the market share of bank 7 at time ¢, and the
stochastic component of imports (exports) reaching bank i at time r.

The A's and the v's verify the fo]]owiﬂg constraints:

8 BP f

22V =v[}and Z Zv =VH (5a)
J:Il:ul i=le=1

ZZA{“’:land z}:zjf=1 (5b)

i=lt=1 i=l1=1

10 Other assumptions about the currencies in which commercial orders are denominated could be made
without modifying our results.



Note that:
Vg w3 Vv h kAl
G =N g, =N V3 (5)
since daily imports (exports) should not be perfectly correlated with the monthly ones
nor with the orders reaching one bank at time 1. The four inequalities (5¢) are justified to
consider the general case of imports and exports reaching bank i at time ¢ which are not
'representative’ of the whole market.
The content of equations (2a) to (Sc) are summarised in the following assumption:

ASSUMPTION 3: (i) The commercial orders reach the banks, day after day at the current

time t during the opening of the OTC market according to the set of equations (4) and (5).
(ii) The noises of the imports and the exports, i. e. G'f"f and \:'"r"d

t=1to B2 P,i=11o B, are assumed to be zero-mean independent and homoscedastic:

A7 |-e[5i])=0 = £[e5]=£[7g]-0

~if ~ ]
E{vffv;ff}%m 5{;‘(0{)2

~id ~jd
E[vf‘dv‘{ ]zﬁm 5,}'(0’5)2
E{{:“f c.'jd]= 0

if

where 8, j is the Kronecker delta and (o \{ )2 ((03‘ )2J is the variance of the noise v,

(6)

of the imports (V9 of the exports). Three remarks can be made:

(i) The independence assumption is not necessary but is made to simplify the
calculation. Consequently, if under this simple assumption, the OTC exchange rate appears
to be conditionally heteroscedastic, it enforces the theoretical explanation.

(ii) The assumption of a uniform desaggregation of the deterministic parts of the orders

can be made for the sake of simplicity, i. e. the coefficients A's can be equal to l/ B* P.
(iii)The noises of each bank's commercial orders, i. e.

(\T;M s \?';f =110 B% Pi=11t0 B} make these orders a piece of private information.

The daily commercial balance may be calculated by aggregating commercial orders
over the banks and time. It is convenient to use a linearisation -a first order Taylor

expansion-around the average value ey, | of the exchange rate during the previous

month:



ASSUMPTION 4: The daily trade balance ()? 5—ﬁ£) is a linear function of the

exchange rate: )-(6 - 1&6 =up-8pép %)
where up and & p respectively read:

ip=u*p+vp, (8a)

wp=2p (2 X% /en-1). (8b)

¥p =(75/em-1)-75 (8¢)

8p=np X3y /ebs (8d)

Note that the daily trade balance is expressed in terms of (i) monthly values of imports
and exports; (ii) past values of monthly exchange rates and (iii) stochastic processes
(G’ BV B‘) which are the sum of the “instantaneous" noises, i. e.

(G’I‘;‘f\?}g, t=1to B? Pi=1to B), The expression of the daily noises, equation (8c), is

Sase g = & ar el =en-),
the result of a linearisation in which the term like v [M] is neglected.
€M-1 €D

B. Speculators
Both domestic and foreign speculators intervene in the market. The modelling of the
speculator's behaviour is in the line of the Rational Expectations Equilibrium and Noisy
Rational Expectations Equilibrium models (Grossman, 1976, Grossman 1981, Bray, 1985,
Admati, 1987 and Admati and Pfeiderer, 1988). The behaviour of domestic and foreign
speculators is presented in appendix A; the main results of which are recalled.

ASSUMPTION 5: Speculative orders are assumed to be denominated only in foreign
currency. Each speculator determines his demand for foreign currency just after the fixing

at D~1 and before the opening of the next OTC market, his/her total amount of orders to
be passed and executed during period {(D— 1, D)} His/her decision is conditional upon

his available information at D—1.

Unlike assumption 4, assumption 5 is rather crude since one could expect the speculator
to continuously revise his/her expectations and take his/her decision with respect to his/her
information at time ¢, he/she would then behave as a commercial bank. This assumption is
thus made for the sake of simplicity; it can be relaxed by assuming he/she revises his/her
expectations by using the same method than the banks (see section 3).



ASSUMPTION 6: Speculators are risk averse; they have a CARA utility function. Foreign
speculator's risk aversion is constant in domestic currency. Transaction costs are
neglected. Common knowledge among speculators and normality!! of the exchange rate at
the fixing, i. e. €, are assumed. Speculator's information structure consists of the set of
past values of the exchange rate at the fixing (the tribe generated by); it reads:

Flp_ =o(ép_g.1<K<D-1).

Since the fixing exchange rate is a linear function of the daily noises of commercial
orders and that a rational expectations model is assumed to describe the speculators’
behaviour, the total demand for foreign currency during D day reads (appendix A,
equation (A.15)):

S S
et {7 il TV e
with:
§5 = E{ED F'D—:]‘ Pp-1€p-1 (10)
o} =VarlZplFi ) an
pD=Rf,,/R£ =(I+rg)!(f+r5}tl+(rg-rj’;] (J2)

where €, is the exchange rate at the fixing time D, rg (rg) is the domestic (foreign)
interest rate -on D day and on a daily basis-, NSp,_, is the total number of speculators
whose set is denominated ST, , and b is the harmonic mean of the speculators' risk

aversion | N§ ol b= il | fb* Equation (9) corresponds to the fact that the
keSTph

amount invested by a domestic speculator in foreign currency is proportional to the unitary

expected gain and is in inverse proportion to its relative risk aversion and the conditional

variance of the exchange rate at the forthcoming fixing.

Under the assumption of a constant number of speculators and speculator's risk
aversion, zero interest rate differential, the demand for foreign currency speculation reads
(see appendix C, equation C.32):

p SPE.£= Bp—X Bp_ P Bp_3

x D-1
*(‘l’l =p “'o) Yp-i +K§o[‘":{+z s T ‘F'x) Vp-1-K

where the parameters and vanables are determined by the equilibrium condition of the
fixing.

1l More generally, elliptical distributions could be assumed.
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Finally, the speculative orders to bank / at time t is given by the following equation:
spe! <A spp+) (13)
where the total expected speculative demand for foreign currency SPE f , is given by

equation (9) and the coefficients A verify the following constraints:

S Sl et (14)

The total of orders to be executed at time ¢ by bank i is defined as the number of units
of foreign currency against the domestic one that bank i trades with its clients, it reads:

101! = ki [z, -(#1] +sPE ) (1)

where €, is the exchange rate at time r. At he fixing at time D, commercial traders and

speculators can no more pass any orders. All the orders, as previously discussed, are

assumed to be independent of the current exchange rate &, in the OTC market.
3. INDIVIDUAL BANK'S OPTIMAL BEHAVIOUR

We now tumn to the individual bank's bahaviour: it depends on its information structure

and on its risk aversion.
A. Individual bank's information structure

According to the functioning of the OTC forex market and the specification of the
commercial and speculative orders (see section 2), at any time during the opening of the

OTC market, several sources of information is available to the banks.

ASSUMPTION 7: The sources of information of each bank are the following ones:
1) The public information:
(i) the set of the past values of the fixing exchange rate, which is a linear function of
the daily noises;

(ii) the set of the previous quotes on the current OTC market;



2) The private information is:

(i) the quantities of currency asked to the quoting bank by the others; they are not
here taken into account to simplify the number of channels which convey information to
the market;

(ii) the total orders which are the sum of the commercial noisy orders received by the
bank and of the speculative orders (which are not noisy if a deterministic desaggregation
is used); they are its "own" private information, the noises relative to these orders may or

not be observed by the bank.

The assumption neglecting news about the economic situation is made because the
purpose of the paper is to investigate how the fact that each bank does not observe the
noise relative to its clients' orders may be an explanation for the observed conditional
heteroscedasticity (see appendix A). By contrast, the assumptions made about the private

information have to be justified with respect to our goal.

About neglecting information due to quantities

1) The analysis of the effect of taking into account the information corresponding to the
quantities, i. e. the demand for currency ask to the quoting bank by the remaining banks of
the market, can be illustrated by studying how the information structure that a bank uses to

determine its expectations evolves with the time from initial time to current time.

At time ¢ =1, each bank j=1to B of the market determines its expectation which is,

among other variables, a function of its own private information x'f. due to its clients
orders. No bank has any information about the private information of the other ones. The
quoting bank 0 (1) =1 determines its quote which is a function of its expectation and
therefore depends on its information structure. After this quote is known by the market,
each of the other banks determines its own demand for currency and the total demand for
foreign currency Dll is asked to the quoting bank which is the only bank to know it. This
demand is an aggregated indicator of the private information of the non-quoting banks
(j=210B).

At time ¢=2, the private information of bank 1 contains now its own private

information a‘% due to its clients' orders to be executed at that time and of the demand Dll.



Then its demand to the quoting bank 6(2) =2 is a function of its private information
which consists of i;} and Dll. Nevertheless, the private information D,l will be conveyed
through the demand for currency of bank 1 to the bank which is going to quote and afer it
has quoted, i. e. bank 6(2) =2 (the private information Dll is not conveyed to the whole
market but only to one bank). Then the quoting bank ©(1)=1 integrates its private
information D| in its information structure with a one period lag. All other bank

J =2 to B of the market determines their expectations which, among other variables, are a

function of its own private information ;‘1{ ; each of these banks has no information about
the private information of the other ones (the quote of the quoting bank 0 (2) = 2 does not
include D]', because bank 2 knows the demand asked by the other bank, including that of
bank 1, only once it has been quoting).

This process carries on until all the bank have quoted once.

At time ¢ = 1+ B, the bank 8 (1) =1 is quoting for the second time. Since at time ¢ = 2

its information set already included Dll, its information set and consequently its quote now

includes DII. The aggregate private information Dil is conveyed by the quote to the
market. Hence, at time ¢> B, the only own private information which has not been

conveyed at all, is the own private information received at that time ¢ by the B— 1 banks

which are not quoting and which will constitute the demand DP (©) asked to the quoting
bank 6 (¢) once its quote is known. This is the loss of information for the market.

2) On the other hand, if each bank does not put the demand for currency in its
information structure, then its expectations and consequently its quotes when it is quoting,
or its demand for currency when it is not quoting, are independent of the quantities, e. g.
when bank 2 does not put Dll in its information structure to determine its demand at time
2. In this case, the bank makes its information structure coarser and its transactions do
exist but are not informative. The private information is reduced to the own private
information, i. e. the clients' orders. Only the quoting bank conveys its own private
information to the market. For the other B-1 banks which have been quoting at the
previous time £ -k with k =1to B -1, their private information respectively received at
times ¢ to ¢ —(k — 1) are not conveyed to the market, e. g. at time ¢, the market has no clue

of the private information received at times ¢, -1, t —(k — 1) by the bank which has been
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quoting at time ¢ — k. This is the loss of information, for the market, due to not taking into

account the quantities. It is more important than in the other way round.

Individual bank's knowledge about the noises relative to the commercial orders

The more knowledge each bank has about the noises relative to the orders, the finer its
information structure. Three cases, ranked according to their decreasing informative
character, can be considered:"

(i) Each bank observes all the noises relative to the clients' orders of all the banks; all
banks are fully informed; it is the modeller's point of view.

(ii) Each bank observes all the noises relative to its own clients' orders but not the
noises of the clients' orders of all the other banks; it is the bank's point of view.

(iii) Each bank observes its orders but not the corresponding noises.

To test the conjecture stated in the Introduction, the modeller's point of view is not
appropriate; it is not considered in this paper. The modelling of the information structures

will be presented for cases (ii) and (iii).

Whatever banks observe or not the noises relative to their own clients' orders, they do
not observe the daily noises, which are the sum of bank's noises over the banks and the
time. In that case, the only public information about the previous days consists of the past
values of the fixing exchange rate. To simplify the analytical study of the dynamics of the
OTC exchange rate, it is convenient to reduce the lack of information of any bank to the
private information received by the banks during the opening of the current OTC market.
The fixing exchange rate is assumed to be a linear function to make the information about
daily noises to be inferred from the past values of the fixing exchange rate, i. e. the
information generated by the daily noises is equal to the information generated by the
fixing exchange rate. Each bank or speculator gets the information generated by the daily

noises by observing the values of the fixing exchange rate.

Assumption 7 allows to discuss if the fact that each trader does not observe the noises

relative to its clients' orders plays a key role for conditional heteroscedasticity to appear.

'* A fourth case would be that of public information.
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The extensive presentation of the bank's information structure which follows is
motivated by the fact that when each bank does not observe the noises relative to its
clients' commercial orders, private information is a non linear functions of these noises.
Individual bank's information structures differ according to the fact it observes or not the

noises relative to its clients' orders.

For all sources of information, uncertainty is modelled by the complete probability
space [Q, F, P), where Q is the set of the states of nature, , on which the tribe F and the
probability measure P are defined. Then, to any source of information is associated the

tribe generated by the set of variables of the source.

1. Each bank does not observe the noises relative to its own clients' orders.
(a) Information structure due to the past values of the fixing exchange rate.

According to assumption 7, the news about the economic situation represented by the
set {fﬂ; 1sust- ]} of economic variables is not taken into account. At each fixing, the

exchange rate is determined by the equilibrium condition which involves commercial and
speculative orders: the former are exogenous random variables and the latter are

determined by the information available to speculators: they consist of the past values of

the fixing exchange rate {E"D__ K 1<K<D- ]} which generates the tribe:

FIi =Flp_, =o(ép_g,1< K< D-1) i=ltoBandr=1t0 B P.
This information does not change during the day.

(b) Information structure due to the orders of the bank's clients (private information).
The set :ﬂ?:;’r, A-;:;d, SﬁE:{; 1su< r-]} of orders received by bank /i up to time ¢,

where the condition u < ¢ -1 indicates that the orders to be executed at time ¢ are known
when the bank determines its second information structure at 1.” Nevertheless, instead of
considering the sequence of the orders of its clients, a bank can take into account the
sequence of its implicit exchange rates, i.e. the exchange rates which clears the cumulative

orders. The implicit exchange rate of bank i at time 7 reads:

" In probabilistic terms, it means that the orders are predictable stochastic processes, i. e. F2f:_1-

measurable.
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and it generates the information structure modelled by the tribe:

n M=

SﬁE?} i=ltoBandr=1to B P

A
F2'}=U(E'“','ISHS!~1) i=ltoBandt=1t0o B P.

Since the speculative orders received by bank i at time  are derived from a
desaggregation of the speculators' demand for currency which is a function of the past
values of the fixing exchange rate, the information structure FZ:; is more informative than
Fl, o

Flp_ cF2; i=l1toBandi=1to B P.

(c) Information structure due to the previous quotes within the current intradaily
period. 13

Each quote of the set {e,t = e? (’ ), T=1tor— ]} of previous quotes depends on the
corresponding information sz(‘), i. e it includes all the information available to the
quoting bank 0 (t ). The information structure F2§ of bank 7 at time 1 is enlarged by the set
{'é'" = Z"f (t ), 1fust- 1} of previous quotes, which generates the tribe: i =1 to B and

tr=1toB P

: .
F3} =F3, =u(2»;, =gd @ ls,‘g,_,):c[ung{r]}

T =1
Finally, the information structure of bank / at time f is given by the union of the three

previous information structure, i. e. the tribe:

F =o(Fp_|UF2/UF3)  i=ltoBandi=1t0BP. (16)

Note that the private information that each bank has received is included in l2ﬁ while the

one which have been conveyed by the previous quotes is included in I3 ol

13 We leave aside the technical question whether banks use information prior o the opening of the fixing or
not. For the sake of simplicity, we provisionally assume that banks have no memory of what happened
during the intradaily periods of the previous days.

14 Since its last quote if it has already been quoting or since the opening of the OTC market if it has not
already been quoting.
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2. Each bank observes the noises relative to its own clients' orders.

(a) Information structure due 1o the noises of the previous fixing dates
Recall that, as stated in assumption 7, the fixing exchange rate is a linear function of the
daily noises. This information is assumed to be inferred from the past values of the fixing

exchange rate. This information does not change during D-day:

I =Tp_ =o(Vp_g, K=1to D-1) i=ltoBandf=1t0 B P.

(b) Information sub-structure due to the orders of the individual bank's clients (private
information). -
The private information of bank i gathered up to time r consists of the set

{‘:'; id G"t‘f s=ltg f} of noises relatives to the commercial orders and which generates the

tribe:

2! =o(V V¥ v =1101) i=ltoBandt=1to B P.

(c) Information structure due to the previous quotes

Each quote of the set {e.r = e? (:),1 =1tot- 1} of previous quotes includes all the

information available to the quoting bank 8(t ), i. e. 123 @) The public information due to
the previous quotes generates the following tribe the explicit expression of which is given in
proposition 8:

1-1
B =13, =c[Uu;] i=1toB.

1 =]

Finally, the information structure of bank / at time ¢ is given by the union of the three

previous information structure, i. e. the tribe:

l=o(, uRiuB) i=ltoBadt=1t0BP. (18)

and it can be stated:

PROPOSITION 1: Bank i's information structure reads:

1. If no bank observes the noises relative to its own clients’ orders:



F{:c(Fququ',qut) i=ltoBandr=1t0 B P. (16)
2. If each bank observes the noises relative to its own clients' orders.
Iizc(llﬂ_luu:UBf) i=ltoBandr=1to B P. (18)

+ See the previous discussion. +

Note that the information due to the past values of the fixing exchange rate are included

in the two other ones.

Two remarks can be made:

(i) The private information F2 being defined by a non linear function of the
corresponding commercial orders might be less informative than the information contained
in the noises. If a linearisation is made then both informations are equivalent and finally
F.f = I:; Vi=1toB and ¥ t=1to B P, because the three components of these tribes are
identical.

(i) An observer of the OTC market would not have any private information. Its

information structure reads:

@, =o(F1,_, UF3,) t=1t0 B P.
B. Bank's optimal behaviour

As already mentioned, it is assumed, on the one hand:

ASSUMPTION 8: The transactions between two banks are bounded in terms of foreign
currency: quJSqf‘,

where qf is a transaction in foreign currency and qf * its bound. In the OTC market
each bank trades with commercial traders and non-bank speculators and with some other

banks.
And on the other hand:

ASSUMPTION 9: Each bank (i) is risk neutral, (ii) acts myopically and not strategically.



Consider a domestic bank. At time f within the intraday period, the information
structure of bank i is either F; or I, according assumption 7. For the general presentation
given in this paragraph, denote the information structure by @f :

At time ¢, within the intraday period, bank i maximises the expected value, conditional
upon its information structure @/, of its wealth  at the forthcoming fixing D. W}y is
valued in domestic currency and bank i thus determines (i) its demand for foreign currency
d’ (k= 0), when it is not quoting and (i) its quote e, , (k> 0), when it is quoting
Because the quote of the quoting bank is but the OTC market exchange rate prevailing at
the same time, the bank's label is omitted, to notify this value is a market one. Let 7" be the
set of bank / quoting times prior to time ¢, i. e.:

r'={r:0()=i andr<t};

the bank's optimising problem reads:
vae e[|} (19)

t+kel t+kel

subject to:'s
cid - wid fulf s tfism: RN NP
Wy =W + W:—I("D "r)*' z -{dz+k+ro"r+k (ea"ﬁ-k)
t+keT (19b)
5 ol Mz -z
+f+k£¢aﬁ(Q'+k +T00 4 )(en 'e:+t)
with:
e e
ror) - ¥d /g —(M}r+SPE?( } (15)

wit=Awid Tl
fw}‘f B “{{] +(&}Ef + Tél,'f) if the bank is not quoting at ¢ > !},
fn;éf:fuf{”[@?’na:?‘) i the bank is quoting at ¢ = ],

where Hfidis total wealth of bank i at time ¢ denominated in domestic currency d,
dwf; wealth of bank i held, at time /-1, in domestic currency and denominated in

!5 The symbols in the sums of the RHS of equation (10b) mean: (i) in the first sum in the RHS
t+keT?, k20 denotes the times at which the bank i is not quoting (i. e. is a "price taker"); (ii) in the
second sum in the RHS ¢+ k €T%, k20 denotes the times at which the bank i is quoting (i. e. is a "price
maker").

N
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denominated in foreign currency, Jlf* bank's demand for foreign currency, &, the

domestic currency, wealth of bank i held, at time ¢ -1, in foreign currency f and

t+
exchange rate at the forthcoming fixing D, E‘ ik the exchange rate at the forthcoming
intraday times at which the bank is quoting, TO/Y/ is the total of orders of bank i to be
executed at time /, defined as the number of units of foreign currency against the domestic

one that bank / trades with its clients,'s &, is the OTC exchange rate at time 1, 1] is the last
quoting time of bank i and Q‘?f the transactions the bank i has to accept when it is quoting,
i. e. the sum of the other banks' demand:

o - —j;‘ilﬁy (20
where i}if is the change in the bank ;j position in foreign currency at time ¢ (see

proposition 3). ;
Remember that in the budget constraint (19b) the clients orders réf:{ 4 do not depend

on the current exchange rate in the intraday period but on exchange rates at fixings. The
optimal quote and demand for domestic currency are given by the following propositions:

PROPOSITION 2: When a domestic bank is a "price maker", under the assumption of an
infinite elasticity of demand é:f . its optimal quote is:"?

& =5 =Ee,f], i=e() 21a)
and the change in the bank's position in JSforeign currency is:
57 =67 +1017 @1b)

+ See appendix C.1.+

The consequence of assuming an infinite elasticity of demand is that the individual
bank's expected aggregated demand for currency is not taken into account.

PROPOSITION 3: When a domestic bank is a “price taker", its optimal demand for the
Sforeign currency, is:

ar - sign{E[%,J0f] -2, | o+, ix0(0) (22a)

16 At the fixing time D, commercial traders and speculators can not have any order to be executed. All the
mdus.ulhudydhnmed(seemhnnmunmwbemdepmdemofdummemnp rate ér_
Relaxing such an assumption, i.e. allowing for commercial traders and speculators to pass orders at the
fixing would not modify our results but would complicate the presentation.

17 Recall that because at all time 7, within the intraday period, the quote of the quoting bank is the OTC
market exchange rate prevailing at that time, the bank's label is omitted, to notify this value is a market
one.
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and the change in the bank's position in foreign currency is:
s/ =G vro17. (22b)
+ See appendix C.2. It results from the fact that the objective function in bank i

program is linear in its arguments.

Remark: The bank's decision is a best response.

Foreign banks maximise the conditional expectation of their wealth denominated in their
"domestic" currency which is the foreign currency f. Their risky asset is the domestic
currency d. The optimising problem of a foreign bank is thus similar to the previous one

although conditional expectations are now relative to the inverse of the exchange rate
[] !e£ = b{] !EDJQ:D, For analytical tractability, the optimal behaviour of the foreign

bank is determined by a linearisation of its optimal program (see appendix C.3). The
optimal behaviour of foreign banks is then identical to the one of domestic banks and

Propositions 1 and 2 will be used, for domestic banks as well as for foreign ones.

4. THE OTC EXCHANGE RATE DYNAMICS:
A THEORETICAL EXPLANATION FOR
CONDITIONAL HETEROSCEDASTICITY

Two polar cases are successively considered: noises may be observable

(mlﬂtr) = I?m)or not (@Pm = F?“))A In any case, the determination of the OTC
exchange rate dynamics is first presented and its conditional statistical properties are then

given.

The conditional statistical properties of the OTC exchange rate depends on the
information structure of the agent who is interested in. This agent can be either an external
observer of the market or a bank. The difference between the information structures of
these agents relies in the private information which is not in the observer's information
structure which is reduced to the public information. This information structure has to be

determined in the two cases under interest.

Y



1. Each bank observes the noises relative to its own clients' orders

A. The determination of the OTC exchange rate dynamics
The OTC exchange rate, defined as ¢, = E|é), [Ii], is determined by using the statistical

properties of the conditioning variables and a bit of geometry in the relevant Hilbert

spaces. The set of the random variables which represents the information of bank / at time
¢ generates the tribe I} (see section 3). Let Hv," be the closed Hilbert sub-space of the
random variables which are I'-measurable. Then E E”D[li] is the orthogonal projection of
€, on Hv;: Let Hvp_; be the Hilbert sub-space of the random variables which are
measurable with respect to the tribe generated by the past values of the daily noises
(relative to the commercial orders), i. e. Tlp_, =°(‘:'~D—Ka K==L D—]); it is a closed

"D-— ]:[ which is

sub-space of Hv,‘ The orthogonal projection of &, on Hvp_ is E[é' D
also the orthogonal projection of E[Enrlj] on Hvp_; (by the law of iterated conditional
expectations). Since E[ED‘I]D_ ]] is a time-invariant component of E[%'Dfl.f] belonging

to the closed Hilbert sub-space Hv/!, then E ['ED[Ii] is determined by the following three-
step procedure:

(i) Specify a particular model to calculate E‘[E D'II D-1 ]; the Broze, Gourieroux
and Szafarz's (1989) model is here used (shortly BGS' model);

(ii) Calculate the implicit exchange rate that clears the commercial and speculative

orders of bank i at time 1, 1. e. & *;
(iii) Use the orthogonality properties deduced from the rational expectations
hypothesis and from the assumptions made for the stochastic components of the

commercial and speculative orders.

(i) The model of the fixing
The fixing exchange rate and its conditional expectation is given by the following

proposition.



PROPOSITION 4: If assumptions 1 to 9 hold:
1. The value of the exchange rate at the forthcoming fixing reads:
D-1

ép=np+ LYk Vpk; (23a)
K=0

2. Its expectation conditional upon the information held in the past values of the daily

noises writes:

D-1
5[30!“9-1]”‘0 =D+ VK Vp-k: (24)
K=1
and the fixing exchange rate reads:
ép=e*p+vo Vp (23b)
3. The first and second order unconditional moments of €, and its expectation e*p
are:
El@p] = Ele*s]= o 29)
Ele*p)?]= np? +,? RaZs ) (26)
@)= E[e* )] +we? 0,2 @n
E[2p e*p] = E[(e*)?] @8)

where pp is the deterministic component of the &, and 0,2 the variance of the daily

noises.
+ See appendix D. »

The modulus of y 4 is given by (I +p & )-I‘f; since B and & are positive quantities, it
converges to zero. This result differs from the conclusion reached by BGS who obtained
the non convergence. Such a difference lies in the specification of the stochastic
components of the process which is investigated. In the original BGS' model, the supply
side of the market is approximated as a moving average of the noises; the current as well
as the past values of the noises intervenes. In the present use of the BGS' model, the
stochastic component which is introduced by the daily trade balance consists only of the
current daily noise, see equation (7a). Hence the solution of the stochastic part of the
fixing equilibrium condition determines the coefficient of zero order of the expansion of
the fixing exchange rate:

vo=18, (29)
where 8 is a function of the parameters of the model, equation (7d); while it is
undetermined in the BGS' (1989) model. Then the OTC exchange rate, €p g, is 2



U(G‘D_K_L, K=1toD-1,L=0tw0 D-K- ])-measurabie linear  function. The
information structure F1, , reduces to the tribe generated by the random variables
(¥p-k-1,K=1t0 D=1, L =010 D~ K -1), which reads:
Fvp_1=0(Vp_x-1.K=1t0 D-1,L=0t0o D-K~1)
and Hvp_) denotes the closed Hilbert sub-space corresponding to these random

variables.

(ii) The implicit exchange rate

The implicit exchange rate, i. e. &*, which clears the commercial and speculative
orders of bank i at time ¢ is obtained by writing down the corresponding equilibrium
condition and subtracting it the fixing equilibrium condition, then & *! reads:

=

1’:’- (30a)

€% =e*p+yg

t( oid
s v — 5 3 > | e
where v, = Z[e 1 —vr'fJ is the cumulated noise and ' = X! the cumulated
M-1 t=1

e
shares of orders which have been order to bank i up to time . Using equation (24), the
implicit exchange rate of bank i at time ¢ reads:
=i
e V¢ i
e, =ep+Vyp = VD | (30b)
A
Consequently, if at time ¢ bank i has a representative sample of orders of the market, the
stochastic components of the commercial orders are in the same proportion than the

corresponding deterministic part, then v;” = vp, e =1;f Vj and after some

algebra v, = v p and the implicit and the fixing exchange rates are equal, i. e.
t £

~

e‘: =ep.

PROPOSITION 5: The difference between the implicit exchange rate and the expectation

is orthogonal to the expectation e* ,:

El(e+; - e‘o)ﬂ‘o]ﬁ%E[ﬁ" e*p]=0 (31



when )? is deterministic as it is assumed in the present paper.!®

+ Proof is straightforward. ¢

The definition (30) of & *} and the orthogonality condition (31) show that the Hilbert
sub-space Hf can be split into the (direct) sum of two sub-spaces corresponding
respectively to e *, and the cumulative noise 5?':

H! = Hnp_, @ Hv/.
Then the previous property being used to construct the series of Hilbert sub-spaces from

time 1 up to time ¢ leads to the more general expression given in the following proposition:

PROPOSITION 6: The Hilbert space H' associated to the information hold by bank i at
time t can be spanned into the direct sum of the closed Hilbert sub-spaces corresponding
to e*p, and the last B cumulative noises corresponding to the noises of the orders of the
quoting bank and the B -1 noises included in the B-1 last OTC exchange rate values
(\ﬁe('),?jﬂ(’}; s=t-(B-Dtot-1}:

Hi = Hnp_, eva’_{(‘;(_f)‘m@ -y 94U (32)

+ See appendix E. +

Since H}' can be written as in equation (32), the OTC exchange rate may be written as a

sum of the corresponding variables as it is going to be proved.

(iii) Taken into account the past values of the quotes
Because each bank includes its private information in its quote, then it is intuitive that at

time ¢ when a bank / takes into account the quote of bank ; at time s < ¢, it increases the
Hilbert sub-space H," relative to its information space by one dimension corresponding to
the private information of bank , e. g. Hv{ and which is orthogonal to its information

space HE, according to the meaning of equations (32).

19 If the A's are stochastic, % has to be replaced by E[JT,’ ]
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The sequence of the //'s is obtained by considering first the construction of H. F(”, then

2 ; : -
}-{2B ( ), and so on up to time . At time ¢, the expectation of the forthcoming fixing
exchange rate conditional upon its information structure of the quoting bank 0 (¢) reads as

given in the following proposition:

PROPOSITION 7:

1. Under orthogonality assumption of noises (assumption 3) and properties of the
implicit exchange rate (proposition 5), the OTC exchange rate dynamics is given by the
following expression:

Max(1-1, B-1)
= ~ |8 =0 (r—
A EE[GDJL - ]=e‘D e (33)
k=0

where y is given by equation (29).

2. The change of the OTC exchange rate is proportional to the change in the private
information, i. e. the cumulated commercial orders, of the quoting bank since its previous
quote; it reads:

€ —€_| =V U4

& E#=00D, s RPy (34)
i = ;jﬂ{!) - H(t-B) ":‘1(;1)
: e ; x>0
where H(x) is the Heaviside function H(x) = { :
U x<0

3. The OTC exchange rate is a random walk as soon as t exceeds B.

4. The value of the OTC exchange rate at the last quoting time, i. e. t = B P, is as close
to the fixing exchange rate as the missing private information is insignificant, e. g. the
number of quoting time is much greater than one (B o ]):

égp = &p if 8 P>>1].
+ See appendix E. ¢



B. The conditional statistical properties of the OTC exchange rate

The conditional statistical properties of the OTC exchange rate can is analysed from the
observer's points of view. Because the non quoting banks are in the same situation than the
observer, bank's analysis is presented in, appendix E, § A.6 and § B.20

At any time, the observer's information structure is the tribe @,_, generated by the
public information which consists of the past values of the fixing and of the OTC
exchange rates; hence:

®_y=o(o(ep_x; 1<K <D-1)uUo(Z_4; 1k <i-1)).
The observer's information structure and the conditional statistical properties he/she

obtains for the OTC exchange rate are given in the following proposition:

PROPOSITION 8:
1. The observer's information structure is due to the vector of noises which have been

conveyed by the quoting banks to the market; it reads:
T c(u[ff',‘i(;‘“; 3sksi-1)ullp, )a Bt P

\
F0(1-k) _| ~8(t-k) ~B (1-k) I
where V,_i ‘("’r—k *7 Y max(i—k,—k~(8-1) |

and Nlp_y =o(Vp_g, 1K< D-1).
2. The OTC exchange rate is a random walk, the conditional expectations and variance
of which respectively reads for t =2, ..., B P:

(1) Its conditional expectations is:

E& o) = ey 35)
(ii) lts conditional variance is:
Var(Z,|®-1) = vo? 0,2 min(z, B) (36)

20 Consider a non-quoting bank. Because of the assumption of statistical independence between the
orders of different banks, its private information does not give to the bank any kind of information of the
private information of the bank which is going to be quoting at time ¢. Then this private information is
independent of any non-quoting bank's information structure. All the non-quoting banks are in the
observer's situation with respect to the noises corresponding to the private information the quoting bank.
By contrast, the quoting bank 6 (r) knows its private information which is going to be conveyed to the
market by its quote, at time ¢. Then the banks' conditional properties are given in the following proposition:

=30



Then the OTC exchange rate is a martingale, as soon as each bank has quoted once,
t>B.

o Part 1, see appendix E. Part 2, take the definition (34) of the OTC exchange rate. The
noises 4, are not observed by the observer; they are independent of ®,_,; then take the

conditional expectations and variance moment of the equation (34) to obtain the result. +

If the orthogonality assumption made for the order noises while this assumption is
relaxed while the BGS framework is kept (to model the equilibrium of the market at the
fixing and to determine the banks' implicit exchange rates), then the OTC exchange rate
can no more be written as in equation (33). Nevertheless, the method used to obtain
expression (33) can be used once the Gram-Schmidt orthogonality procedure is used. The
OTC exchange rate would be defined by an expression similar to equation (33), but the
coefficient would be no more unitary; it would be determined by second order moments of
noises which would be deterministic if these moments are known (it would be the case if
the joint distribution of the noises is common knowledge, e. g. multivariate normal

distribution.

2. No bank observes the noises relative to its own clients' orders: an OLSQ
estimation.

The determination of the OTC exchange rate dynamics by OLSQ is first given, its
conditional statistical properties are then presented.

A. The determination of the OTC exchange rate dynamics

Bank 0 () when quoting at time ¢ knows:

(i) The sequence of past values of the exchange rate at the fixing
(ep-x;1sKsD-1).

L)

(ii) The sequence of its implicit exchange rates (e o which characterises its

k=0 to =1
private information.

(iii) The sequence of the previous quotes {5’:-& ) v
The first thing that bank 6 () has to do is to get a good estimator é*j, of the

expectation e* p of the exchange rate at the forthcoming fixing. The discussion about the



choice of the estimator is beyond the scope of this paper. However, note that as far as the

OTC exchange rate is concerned, é* , is analogous to a constant over the opening time of

the OTC market; it is a constant piecewise function. This does not mean it is a pure

constant, since the determination of the é*,, depend on the speculators' demand for
currency which on the one hand is a function of the past. é*, can be replaced by the

expectations e* , given by the BGS model.

Note that bank 0 (¢) can limit itself to considering its last implicit exchange rate e ‘? ©
which sums up all its private information. However, part of its private information has
already been conveyed to the market by its previous quotes (between time ¢ =1 to time
t=1t-B). To take this fact into account the implicit exchange rate e*?fg should be

included in the information set of bank @ (). Similarly:

PROPOSITION 10: According to the previous analysis of the available information to the
quoting bank, the OTC exchange rate is set equal to the OLSQ estimator that each bank
determines for its quoting time from the observations of the previous days. Then at time t
of D-day:

e =d; é*p+by, ey +by, e 44 ifr<B (37a)

S s ; Bir) - = =
e, =d;, é*p+by, e,_|+b]‘,e‘,()+b2,, e*?_(‘§+c, ift>B. (37b)
where the right hand side of these equations are the OTC estimators. The set of
parameters is the solution of a linear system.
If e‘?m and e*?_{;) are determined by equation (30a), then the variances and
covariance's involved in the linear system are analytically determined and the theoretical

values of parameters are obtained, e. g. for t > B
ry —of{t) 0O s ~ —0 3 =
é, = —(1: (0 _ 2:_(;?], oL b 1Y S0 o

verifving the following constraints:

d, =—(£l,.' +52,:)‘ 50,; milywdp=d

+ The results are obtained by straightforward calculations. ¢



Proposition 10 indicates that the quoting bank knowing the theoretical form of the
equation determining the OTC exchange rate and that, at least asymptotically, the values of

the estimated parameters converge to the theoretical ones.
B. The conditional statistical properties of the OTC exchange rate

At any time, the observer's information structure is the tribe generated by the public
information, equation (35). As in case A, because of the assumption that the fixing
exchange rate is a linear function of the daily noise, he/she is still able to infer the
information given by the daily noises. By contrast, observing the past quotes does not give

any information on the noises, since they are not observed by the banks. The issue is then

-1 A
the determination of F3,_; Ec(?z}_k; 1sk<r-1)=o| [Jo(&_4) . Recall that when
k=1 J

noises are not observed, the implicit exchange rate is a non-linear function of them and
F3,_, is different from I3,_,.
The observer's information structure and the conditional statistical properties he/she

obtains for the OTC exchange rate are given in the following proposition:

PROPOSITION 11:
1. The observer's information structure with respect to the definition of the OTC

exchange rate, equations (37), reads:

-... b
®_=F3_=0(g_s:l1<kst-1)= u(c(Uf_(;‘“; I<k<i- 1)\1-119_I "

where for k=1to t—1:

50 (t-k 8 (r—k) 0 (k1) A = 3
gas ’=[e-,,,‘ ,....,e*m(:_kxl_k_(s_l)},a,_k,b,-‘,;x=0.],2,c].

2. For the observer, according to the OLSQ estimation of the OTC exchange rate if
r>B:
(i) Its conditional expectations is:
E(gle) = E(e o) (38)

(i1) Its conditional variance is:



Var(Z, @, ) = e* p2 Varld@y_,) + e, Var(bole,_,)
- V"’{S e l@,_])+e*?_(g2 Var(,la,_)
+2e*p ey Cold, boley_1)+2 e%p Corfa, by €20 Vay.,
r2e%p 29 o, Bylor)
+2 ¢y Covlby, by e*2® 01 ) +2 11 ¥ Corlby, bolay_y)

+2e449 corlfy et byl (39)

¢ Part 1: see appendix D. Part 2: The results are obtained by straightforward

calculations from equations (37). +

The expression (39) of the conditional variance indicates that:

(i) In the general case, the parameters, estimated by any bank using a standard
econometric method, would have some variance, then e. g. the parameter 50 can be
different from one, and the observer would observes that the OTC exchange exhibits
conditional heteroscedasticity.

(ii) If any bank is able to get the theoretical values for the parameters, then the
conditional variance is no more dependent on past values of the OTC exchange rate; there

is no conditional heteroscedasticity.

The origin of the conditional heteroscedasticity is not in the functioning of the market
but in the gap between, on the one hand, the necessary information to get the theoretical
values of the second order moments which determine the coefficients (assuming the
available econometric techniques have a sufficient accuracy), and on the other hand, the
information embedded in the observations. If the observed variables are fully informative,

then the conditional heteroscedasticity is expected to disappear.
5. CONCLUSION

This paper is a first attempt in suggesting a theoretical explanation to the conditional

heteroscedasticity observed in time series of financial asset prices. The conjecture which is

o7



tested is that conditional heteroscedasticity depends on the accuracy with which each
trader in the market -all are rational- observes his/her private information. In the forex
market quantities are not common knowledge and it is realistic to consider that they are
little informative; hence our conjecture has been tested under an unfavourable hypothesis.
Two polar cases have been investigated: (i) each bank observes the noises relative to its
clients' orders; (ii) no bank observes the noises relative to its clients' orders. The main
results for an observer of the market (or a non-quoting bank) are:

1. The OTC exchange rate is a random walk, with a constant conditional variance, when
each bank observes the noises relative to its clients' orders.

2. The OTC exchange rate exhibits some conditional heteroscedasticity when no bank
observes the noises relative to its clients’ orders.

Throughout the paper some particular points which might be interesting in some other
field of research have been considered:

1. In the model two time scales corresponding to two type of behaviour have been
introduced. The largest one is characteristic of the speculator's behaviour who is risk
averse. A rationale is that investigating for a much longer period than a day, he is not
aware of intraday fluctuations. The smallest one is the order of magnitude of the time
interval between two successive quotes in the OTC market. Over this time scale, banks are
risk neutral.

2. The interaction between banks has been explicitly introduced in the determination of
the bank's expectations to take into account of the information conveyed by the quotes. A
geometric technique, in Hilbert spaces, is proposed to obtain the optimal expression of the
OTC exchange rate; it is quite general. It can be employed every times a model contains
two time scales such that the dynamics of an observed variable is modelled on the large
scale and that an agent, or the modeller, is interested in the evolution of an observed
variable on the smaller scale.

3. If noises are not observed, conditional heteroscedasticity appears when the
coefficients of the econometric model used be any bank to determine an estimator of the
OTC exchange rate, are not deterministic. Since these coefficients are functions of second
order moments, conditional heteroscedasticity is somewhat related to non ergodicity of

second order moments.

e



Further developments can be done by relaxing some assumption. For example, (i) By
introducing the quantities to determine the expected demand for currency that the quoting
bank faces and by taking into account the informative character of the quantities. (ii) By
assuming the banks have heterogeneous horizons. (iii) By suppressing the clearing
condition of the bank's position in foreign currency. (iv) The non revision of expectations
by speculators can be dropped. Speculators could be assumed to revise their expectations
by a procedure analogous to the individual bank's one.

Market segmentation is a question often debated in the literature; simulations will also
be undertaken to investigate the occurring of sub-markets with respect to the
correspondents' network structure. Such an issue is discussed when generating a bank's
network either by random drawing from the banks' set or by using random graphs
(Kirman, Oddou and Weber, 1986 and loannides, 1990). All the developments are
expected to be to difficult to be solved analytically; simulations should be needed.
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APPENDIX A
About conditional heteroscedasticity

To discuss conditional heteroscedasticity of the price of a financial asset is equivalent to
analyse the effect of the observed values of its explanatory variables (or exogenous
variables) on its conditional variance. The intuition underlying the concept of conditional
heteroscedasticity can be recalled as following. The conditional variance of the price will
be constant if it is a constant function of the set of values taken by each of the explanatory
variables in any sample of the different variables over a given period of time. This mean
that the explanatory variables produce a mean-value effect over the given period; this is
the effect that would be produced by an infinite number of sample (mean values are
realised, e. g. law of great number or ergodicity). By contrast, heteroscedasticity is
exhibited every time at least one of the explanatory variable which makes the conditional
variance of the price as a non constant function of its values, i. e. it takes a set of values
which is not sufficient to produce the mean-value effect to make the conditional variance
independent of the sample.

The price of a financial asset results from agent's decision conditional to his/her
information which have a public and a private components.

As far as the public information is concerned, the "macroeconomics news", e. g.
unemployment, budget deficit, are such that the time interval between two successive of its
published values (month) is much greater than the price sampling period (day). Then this
kind of variables do not take a sufficient number of values over the period to realise the
mean-value effect; intuitively, they are a cause for conditional heteroscedasticity. Any
variables of this kind will produce conditional heteroscedasticity.

As far as the private information is concerned, the speed with which the agent conveys
his/her private information to the market will intuitively be a cause for conditional
heteroscedasticity. But this process consists of two steps which concern respectively the
observation by the agent of its private information and the speed of its conveying to the

market. If the intuition relative to the conditional heteroscedasticity suggests that a slow

conveying emphasises the possibility for conditional heteroscedasticity,! it is not clear

| Recall that conditional heteroscedasticity, as an ARCH effect, is observed on short time scales (day) and
not on longer ones (month).

-Al-

about the role of the accuracy with which the private information is observed (first step).

Such an analysis is the purpose of this paper.



APPENDIX B!
Optimal behaviour of the speculators

The behaviour of both domestic end foreign of speculators is characterised by the
following assumption:

Assumption B. 1.
The speculator is risk-averse. His behaviour is characterised by a CARA utility function

Uk(Wk) = -E.l:p(—bk WkJ,
where b* is the speculator's risk aversion and W* the speculator's wealth which is
denominated in domestic (foreign) currency in the case of a domestic (foreign) speculator.
To take investment decisions, the speculator maximises the expected utility of his
wealth at the forthcoming fixing D conditional upon his information. Recall that the
speculator is assumed to take his investment decisions once for all day denoted?
I(D -1, D)} after the fixing at D—1 and before the opening of the OTC market. Let Ffu

be the k-speculator's information structure before the opening of the OTC market. Hence,
the speculator does not revise his information structure and consequently his expectations
during the period {(D— 1, D)} i. e. news arriving during the period are taken into account.

Assumption B.2.
Transactions costs are negligible.

The behaviour of a domestic speculator is modelled and that of a foreign speculator is
then deduced.

Behaviour of the domestic speculator
The domestic speculator k¥ maximises, before the opening of the OTC market, the
expected utility of his terminal wealth Wf‘,“‘ (in domestic currency) at the forthcoming
fixing conditional upon its information structure Ff,_l. The domestic speculator's

optimising problem where the foreign currency is the risky asset reads:?

| When necessary look to the main text for the definitions of symbols.

2 The short hand notation {(D~1, D)}, instead of (D=1, D)AN, is chosen for the sake of
simplicity.

3 The speculator optimising problem is written as it is usually done in the portofolio theory Broze,
Gourieroux and Szafarz ("Speculative bubbles and exchange of information on the market of a storable
good", in "Economic complexity: Chaos, Bubbles and Nonlinearity", W. A. Barnett, 1. Geweke and K.
Shell, Editors. Cambridge: C. U. P., 1989), Merton (Continuous-Time Finance, Oxford: Basil Blackwell,



Max E[U*(75 JFhi] (B.1)

{wd
subject to the domestic speculator's budget constraint:
Wkt = wht, RS+ Wi (Rf;-l ép-Rb-y eD-l] (B.2)
with: ng = deiz + fWg_z ep_|
and where:
ep= exchange rate, Rf) =1+ rd, R{) =]+ rf;,

rg = domestic interest rate (on D day and on a daily basis),
rﬂ = foreign interest rate (on D day and on a daily basis),
“'Wsa_‘l = wealth of speculator k held in domestic currency and denominated in domestic

currency at the end of D day,?

! Wg{ | = wealth of speculator & held in foreign currency and denominated in foreign

currency at the end of D day,’
WE"' = total wealth of speculator k denominated in domestic currency at the beginning

of D + 1 day.5

If we want to write down the budget constraint in terms of the net foreign asset bought
by speculator k at the beginning of D day,’ /s¥ | the dynamic equation of each kind of

wealth is given by the following accounting equations:
W=t wh - Isf ep,
K _f ykf
Iwl =/ Wi+ /sg.

Define the forecasting error Ef) by:
Ios E[éD[F{‘,_I] +ibs (B.3)
the conditional expectation of E:*D is equal to zero and its variance is that of the

exchange rate.

1990): the speculator clears his position in the foreign currency and buys a new amount of foreign currency
after he knows the exchange rate; then his wealth in the foreign currency is determined at each period. An
other presentation would be to assume the speculator does not determine his wealth in the risky asset but

his flow of risky asset ! Sg—l for the period; his control is £ Sg_l and his budget constraint reads:
o iRl L S e SR
WEI=A Wty kb + TWHLy RE @p+ (RS 2p~REyepot) TSH.,-
4 End of D day means def_l and ¥ Wg_ | are components of the portofolio held by the speculator after
he known ep_| but before he knows ep.
5 See previous footnote.

6 After ey is known by the speculator.
7 After epy_j is known by the speculator.



Define the expected gain from holding one unit of foreign currency one day gg by:

g8 = EIED|F5-1]—|BD_ 1€D-1 (B.4)
with:

oo =Rb /R =(1+8)/(1+rh) = 14(rf -1 ). (B.5)
then the speculator's budget constraint (B.2) becomes:

Wh' = WL\ Rb- +8) Kb 'WEL + R TWH &, (B.6)
Assumption B 4.

The distribution of épy conditional upon the information available to speculator k on
day D~ is normal.

The first order condition of the optimising problem of the domestic speculator gives
his/her demand for foreign currency:
gb'
Iwh, = X ,tDz g s
b @p). Rpu
where (c)” is the conditional variance of &}, i. e. the variance of &, conditional
upon the information available to speculator k on day D —1:

(k)? =var(2,IF% ). (B.8)
Assumption B.5.
Common knowledge g speculators is as. d: their information consists of the

tribe generated by the set of past values of the exchange rate at the fixing:
Ff_ =Fl,  =o(2,,0sD<D-1) vk

Then the relevant variables defined by equations (B.4), (B.8) respectively become:

31!; - L{sn |F'D—| ~Ppiepyp (8.9)

o= Vnr(Z-'D[FI o ) (B.10)
With the common knowledge assumption the demand of the domestic speculator (B.7)

reads:
fWﬁ1=f‘£7*- @10

ob Rh.,
This equation simply states that the amount of risky asset held by speculator & during
one day is proportional to the expected gain g;, and inversely proportional to its relative



According to the assumptions 1 to 5, the wealth invested in foreign currency by the
whole set of domestic speculators reads by using equation (B.11):

d) =
w,= ¥ Wi,= % e
keSD, | kesD, , Y Op Ap_

where SDp,_| is the set of domestic speculators during D day, i. e. {(D-— D)] The

expected demand for foreign currency by domestic speculators during D day thus reads:
srEf=/wi -/wi,= T Twg,- = wY,,

keSD, | kesD,, ,
o &
s gD | gD-1
SPEDr_ Z [bk 0‘2 R‘f J Z [bk 2 Rf ] (312)
keSDp_, D D-1) keSD, ,\? 9D-1 fiD-2

Behaviour of the foreign speculator

The foreign speculator maximises the conditional expectation of its wealth denominated
in its "domestic” currency which is the foreign currency f in the domestic market under
investigation. Its risky asset is the domestic currency d. His risk aversion is A% The
optimising problem of the foreign speculator is deduced from the domestic one by
substituting the exchange rates by their inverses and his demand for domestic currency, is
equal to the opposite demand for foreign currency denominated in domestic currency. His
budget constraint reads:

Wy =Wy, Ré—ﬁ W [Rf)—l :.]—-Ré—l : ]
E €p-1

For analytical tractability in the determination of the optimal behaviour of the foreign

speculator, a linearization around the conditional expectation of the forthcoming exchange

rate. By using equation (B.6), the wealth, denominated in foreign currency, of foreign
speculator & reads:

S K s
i otk Rp_1 & Ry _ T
WDI_WD{I Rh+ . kD I'wil,+ = l wy, &p.
‘-’D’FD—] eD}Fo—l

The first order condition of the optimising problem of the foreign speculator gives his/her
demand for foreign currency:

IWKI s E[eolff)—l] gg ;
A
which states that the wealth in foreign currency held by the foreign speculator is identical
to the domestic speculator's wealth after dividing the trader's risk aversion by the
conditional expectation of the exchange rate at the forthcoming fixing (compare to equation
(B.7).
For analytical tractability the following assumption is made:

-B4-



Assumption B.6.
The foreign speculator's risk aversion is constant in domestic currency unit.
by

= k :
E|"D|FD-1 |

Consequently, whatever his/her nationality the speculator's wealth, denominated in
foreign currency, is given by equation (B.11).

The wealth invested in foreign currency by foreign speculators is:

N s L
keSFp., kesF, , " oD Rp,;

bk =

where SFy,_ is the set of foreign speculators during D day.
The expected demand for foreign currency by foreign speculators during DD day thus

reads:
sPEf=/wh_ -wi,= ¥ ‘wf,- ¥ Twl,.
keSFp keSFp ,
gh b )
spEf = X [T—I‘Qf—} 2 (”# (B.13)
kesFp\& D RD-1) pesr, ,\b" OD-1 RffJ—zJ

Total expected demand for foreign currency
According to the previous assumptions, the total expected demand for foreign currency
during D day is the sum of the sets of domestic and foreign speculators, equations (B.12)
and (B.13):

3f Sf
SPEp*= > —bL ED-1 : (B.14)
keST. bo?l Rf kesT. b ol RJr
e D %p-} K€, 5 D-1 *D-2
S S
= gp gp-|
SPED*=—-——b T NsD_]-_—«——b z 7 NSp_,. (B.15)
Oy s gy Sp-1 Rp-2

where NSp_, is the total number of speculators in the set $7p_:
SDp_USFp_ =5Tp_

and b is the harmonic mean of the speculators' risk aversion:
NSp-y _ ¥

_k.
> o1, b



APPENDIX C!

1. Optimal behaviour of a domestic bank when it is a "price maker"

At a given time ¢ within the intrafixing period? {[D— i D)} as a "price maker", the
bank / is quoting and its quote is part of its information set, i. e ¢ et and € € dl,’ ;
Because at all time £, within the intrafixing period {(D— 1, D)} the quote of the quoting
bank is the OTC market exchange rate prevailing at that time, the bank's label is omitted, to
notify this value is a market one.

In its optimizing problem the case k = 0 has to be separetely considered since at that time
the bank's demand is deterministic. The bank's optimizing problem reads:

e [0
if
{dﬂk er' }' {er et }
subject to:*
P S L it
T j ! - ot i - ~
s =wie + (7w gl s 101 )(@p-e)+ X (i + 101 N2p ~2as)
(t+ket’)
BP-t y .
Al '] ~ —
+ ::Zt (an + 10k )(f’o ~&4k)
(t+ket')
with: : .
mrd:dm1§]+fu,;|{] e
Tw/ =IwY, +(a‘:Jr +101! ) if the bank is not quoting at t > t},
W) =Iwi, +(§:f + TUl:f} if the bank is quoting at t = t,
where:

H’fd = total wealth at time 1 denominated in domestic currency d,
de{ = wealth of bank / held, at time ¢—1, in domestic currency and denominated in

domestic currency,

1 When necessary look to the main text for the definitions of symbols.

2 The short hand notation {(D -1, DJ} instead of(D— 1, D)ﬁN, is chosen for the sake of simplicity.
3 The symbols in the sums of the RHS of the budget constraint means: (i) in the first sum in the RHS
t+ket’ , k=1 denotes the times at which the bank is not quoting (it is a "price taker"). (ii) in the second
sumin the RHS £+ k € ti, k 21 denotes the values taken by the times at which the bank is quoting (it is a
"price maker").

EC1-



dlﬂ’f‘{ = wealth of bank / held, at time ¢~ 1, in domestic currency and denominated in

domestic currency,
S/ H«;’f{ = wealth of bank / held, at time ¢~ 1, in foreign currency f and denominated in

foreign currency,

d:{ 4 = bank’s demand for foreign currency,

ép = exchange rate at the forthcoming fixing D,
&4k = exchange rate at the forthcoming intraday times at which the bank is quoting,

TO!' ¢ = total of commercial and speculative orders,
Q‘f the transactions the bank i has to accept when it is quoting, i. e. the sum of the

other banks' demand:
i~
S = (C.1)
J#i=1
57 is given by equation (C.3) and ! is its last quoting time.

Two cases have to be considered:

() The first order conditions with respect to the bank's demands in the Sfuture

{d:’i 5 } is the same as in the "price taker" k > 1 case; they are not taken into account.

(2) The first order condition with respect to the bank's quotes &, .4, t+k € v, The
demand Io the quoting bank i is given by equation (C.1) and is a function of its quote:

Q.r+k = Qf+k[e.f+k)

The first order conditions are for t+ k e1':

(a) For k=0, with Q:Lf = Q:}—(e,):

OE (Wi ) : ;

i L R o -0
1
e |-t

Assuming the independence of the two terms involved in the first conditional
expectation in the right hand side of the previous equation, the first order condition

: e if
Iw? +ro1? = E[ED aa%

becomes:

f
—E[BDJq‘ f : +TOJ',L(

el

where

= G2 -



if
it S PN
& de, ‘@:
£E= ——;}:“—
lof o]
is the elasticity of the expected demand to the bank.

Determination of the elasticity of the total demand the quoting bank is facing.
At a given time ¢ within the ]D-1,D{ intrafixing period, bank i is quoting ¢,. Let

elj = E[é' Di@gj} the conditinal expectations of the forthcoming fixing by bank j #1, F(e.:’ ]

their distribution function and f (e,J ) their probability density function.
(1) Banks such that their conditional expectations is greater than the quote e buy
foreign currency to bank i. The proportion of banks which buy is:
f:: 1(e/) def =1-Fle,).
(2) Banks such that their conditional expectations is smaller than the quote ¢, sell
foreign currency to bank i. The proportion of banks which sell is:
I_e; f(e;’) def = F(ef )
Since each transaction is qf *_then the total demand to bank i, from the (N - 1) other
banks, reads (difference between its sales and purchases):
Oile)=(N-1) [1-Fle))] ¢/ *~(N=1) Fle)) ¢ *
Q(E,) =(N-1) []—2F{e,)] qf =
The ei_fact of a change in the quote on the total demand is:
%‘ﬂ =-2(N-1) fle) g’ *.
The more centered the distribution of the conditional expectations E{FD ‘qﬂ around
the quote, the steeper the (absolute value of) slope of the total demand.

Assuming the distribution of the banks with respect to their expectations has a

sufficiently small standard deviation, then the slope of the total demand is large enough
00! (er)
: ; O (e ~if : 5N
with respect to the total demand, i. e. o g >> O (e,}, making the elasticity & of the
{ §
total demand very large. For exemple, if banks have all the same expectations the density
of probability function is a 8-function, then the total demand is an Heaviside function.

Consequently, taking the infinite limit for the elasticity of the expected demand the
bank's quote reads:

e = 5[39}05']‘ (€2)



(b) For k=1.
The solutions are analogous to the k = 0 case by substituting for e, by E[?z}” ’CD,‘]
Since these expected exchange rates do not intervene at time 1, they are not taken into

account.

2. Optimal behaviour of a domestic bank when it is a "price taker"

At a given time ¢ within the intrafixing period {{D— 1, D]}, as a "price taker", the bank
i is not quoting and the quote given by another bank is part of its information set, i. e.
ret’ and e € dﬁ' - Because at all time ¢, within the intrafixing period {(D— |5 D)}, the
quote of the quoting bank is the OTC market exchange rate prevailing at that time, the
bank's label is omitted, to notify this value is a market one.

In its optimizing problem the case & = 0 has to be separetely considered since at that
time the bank's demand is deterministic. It reads:

—

{d:{kzr" } {Eru et! }

subject to*:

" 5 ; B P-t 2 L
7 =wil (1w +af s 1017 ) (2 -e))+ kZ (@74 + 101!, Nep - 2s)
=1
(t+ket’)
BE—: ~if g e
e - Ok + TO]Hk)(eD ~&k)
(t+ket')

with: : ; :

WA= TWY | e,

fug‘wa,‘{l 5 [d,'f -t TOI:T) if the bank is not quoting at t > T},

fosz{] 4—((-_5;3'r + TO]:I) if the bank is quoting at t = 'rf,
where:

W,""1 = total wealth at time r denominated in domestic currency d,

4 The symbols in the sums of the RHS of the budget constraint means: (1) in the first sum in the RHS
t+k &1, k21 denotes the values taken by the variables only at times at which the bank is not quoting

(it is a "price taker"); (ii) in the second sum in the RHS 7+ k eti, k 21 denotes the values taken by the
variables at only times at which the bank is quoting (it is a "price maker").

.



dW,k_‘{ = wealth of bank i held, at time ¢ -1, in domestic currency and denominated in

domestic currency,
/ Wf_fl = wealth of bank i held, at time ¢ -1, in foreign currency f and denominated in
foreign currency,

&:{ 4 =bank's demand for foreign currency,

&p = exchange rate at the forthcoming fixing D,
&, = exchange rate at the forthcoming intraday times at which the bank is quoting,
TOI:{ & =total of commercial and speculative orders,
Q:f = the transactions the bank i has to accept when it is quoting, i. e. the sum of the
other banks' demand:
& -- it
jri=l

'S}J is given by equation (C.3) and 1, is its last quoting time.

For all the times from ¢ to the fixing D, i. e. t+k & ‘r", the bank's demands for foreign

currency d;{ i and quotes &  in the future are given by the first order conditions. Three

conditions have to be considered:

(1)  First order condition with respect to {d:’: k }
(a) Fork=20:
If E[é'Dl@f] = ¢, the solution is indetermined and because of costs the demand for
currency is set to zero: a’_,‘;"r =0.
If E[Eglttf] > e,, the bank anticipates an appreciation of the foreign currency; its
demand reads:
d:f =qf *
and the change in the bank's in foreign currency is:
sV =q/ 41017
where qf * is the bound of the transactions made between two banks.
If E[ED'@f]{e,, the bank anticipates a depreciation of the foreign curency; its

demand reads:
d:f e ,,qf *

and the change in the bank's in foreign currency is:
sl =-q/++10IY. (€3)



To end up, at time ¢ within the ]D-1,D[ intrafixing period the bank's demand for
foreign currency, reads:
di/ = sign|E[ep[Fi]-e | g/ *
and its change in position in foreign currency is:
s:f =dr'f+TOIfr.
(b) Fork=1.
The solutions are analogous to the k = 0 case by substituting for e; by E [é"H k ‘0{]

Since these demands do not intervene at time 4, they are not taken into account.

(2) The first order condition with respect to the bank's quotes in the future &y,

t+k et', leads to: 3

3 ror’ :
& = E[ED‘Q),‘]—; ]+_:_';’-{_- fort+ket
£lof foi]
where & is the elasticity of the expected demand to the bank which quotes. According to
the functioning of the market, this elasticity can be set to infinity (see proof in § I,
equation (C.2): case where the bank is a "price maker"), then the bank' quote reads:

ek = E E"D"ib,';] forr+k et

Remark: &} 1s k-independent. The previous equation is a non arbitrage equation of the
martingale type; whatever is the future, it is determine by the available information at a

given time 1.
3. Optimal behaviour of a foreign bank

The foreign bank maximizes the conditional expectation of its wealth denominated in
its "domestic" currency which is the foreign currency f in the domestic market under
investigation. Its risky asset is the domestic currency d. Since the optimal quote and
demand for the foreign currency f of the domestic bank, given by propositions 1 and 2 in
the main text, depends only on the characteristics of the domestic bank and the bounded
transaction, the optimal behaviour of the foreign bank is determined by an equivalent
optimizing problem. The optimizing problem of the foreign bank is deduced from the
domestic one by substituting the exchange rates by their inverses and its demand for
domestic currency, is equal to the opposite demand for foreign currency denominated in
domestic currency. The optimal quote and demand for domestic currency are given by the
following propositions:



PROPOSITION 1.a: When the bank is a "price maker", its optimal quote is:*

1 Er
- gl
and the change in the bank's position in foreign currency is:
s“f = Q,‘( ok i!"lf]hn'f"r s
Proof: By a calculation similar to the one presented in the case of the domestic bank in

kL

PROPOSITION 2.a: When the bank is a "price taker", its optimal demand for the foreign
currency, Is:
dl‘rz_S{' 4:LF0:—|__.1_ f‘
t gn % J e q
and the change in _!he bank's position in foreign currency is:
sl =df +ro1.
Proof: By a calculation similar to the one presented in the case of the domestic bank in

§1.

For analytical tractability, the optimal behaviour of the foreign bank is determined by a

linearization of its optimal problem.
By linearizing around an exchange rate €, i. e. the long-run exchange rate, the wealth,
denominated in foreign currency, of foreign bank i reads:

dyyid
. ./
el el + e‘

= aherart
('-’: = eD)+ Z Hk(—; -k_- Lt {E’Hk 'ED)
+

t+ket!

~id +T01id' % =
+ Z QHkng E (&4k —2D)

t+ket’
The wealth, denominated in domestic currency, of foreign bank i becomes:

Wl =Wl wY (ep-e)+ 2 _(“7:{* 2 TO":{*](ED'E‘”‘)

t+ket!

= s
. = .[Qx{k + mff{kxeu &k )
t+ket'
This budget constraint is identical to the domestic bank's budget constraint given by

equation (10b) in the main text. Since, on the one hand, domestic and foreign banks have
the same budget constraint and on the other hand,

5 Recall that because at all time ¢, within the intrafixing period ]D— I; D[, which is a shorthand notation
of the D™ day OTC market, the quote of the quoting bank is the OTC market exchange rate prevailing at
that time, the bank's label is omitted, to notify this value is a market one.

ST -

i [id, ]
Maxs[wg]q']a MarE[EéD—’(D,‘JE Maxa[ﬁgh‘] since > 0,

then the optimal quote and demand for foreign currency of a foreign bank is given, after
linearization, by propositions 2 and 3 in the main text.



APPENDIX D'
The model of the fixing

A. Commercial banks

At the fixing time, bank i's transactions reduce to its net purchases F. ng . Let APO.S'g
be the change in the position in the foreign currency of the bank during the OTC market is
opened which is the sum of its transactions with the other banks and with its clients.
During the Dth day the change in the position in the foreign currency of bank i, DPOS"f, is
the sum of APOSE, and of its net purchases FIX?; . We now assume:

Assumption D.1I:
Every bank clears its position in foreign currency, at the fixing.
DPOSY = aPOSY + FIXY =0.

Proposition D.1: The banks' demand at the fixing is equal to the opposite of the total of
the orders their clients' demand during the opening of the OTC market:
B {f B BP if
> FiXp=-2 X Tor; .
i=1 i=1t=1
Of course, these orders are the sum of commercial and speculative orders; hence:
& v &y 8L, T
= = id ,~ ~if if
551 FIXp = —E} TOIp = —El :E;[X‘ /ép-M; -SPE; ]
which, alternatively can be written as the sum of the daily trade balance and the total
speculative demand.
€ odl o (7L it i sprot,
El FIXp :_(XD_MD ]+SPE*D. (D.9}

1=

+ The proof is just a matter of accounting, as following:
Let APO.S"E'; be the change in the position in the foreign currency of bank i during the

OTC market is opened, i. e. the period? {{D— 3 D)} It is the sum of its transactions with

the other banks and with its clients:
(i) When bank i is quoting, at a given time ¢ et', the change in the bank's position in
foreign currency is given by equations (C.1) and (C.3) of appendix C:

s:f=~,{r+TOI:f=— Zd;g+TOIfr, et (D.1)
Jjri=1

| When necessary look to the main text for the definitions of symbols.
2 The short hand notation {(D -1, D)], instead of ( D-1, D) N, is chosen for the sake of
simpliciry.



(i) When bank i is not quoting, at a given time ¢ ¢t', the change in the bank's position
in foreign currency is given by equation (C.3) of appendix C:
sV =dal +101V, 17 (D.2)
Over the period [(D— I, D)}, the change in the bank's position APOSY, is the sum of

the changes in the positions given by oquations (D.1) and (D.2); hence

aPOSY) 2 {af 101! }+ 3 1- Sai o . (D.3)

rer! teg' L jei=l

Consequent]y. during the D' day, the change in the position in the foreign currency of
bank i, DPO.S"D. is the sum of APOSg equation (D.3), its net purchases F!Xg Hence:

DPOS}, = APOSY, + FIX} + TOFY . (D.4)

At the fixing, because of assumption D.1, the demand of bank i is, thus:

if —_ if
FIXYf =—aposY).

Summing over lhe B banks, the net aggregate demand for the foreign currency reads:
ZF:X‘f Z APOSY. (D.5)
i=1 i=1

By using equanon (D.3), the demand to bank i at the fixing, equation (D.5) reads:

B
> Fixl - E b % d‘f+z > Y d- Z ror]
i=1 i=l tet’ i=] teg’ j=i

which reduces to
Zm"f - -Z rory, (D.6)

i=]

since:

B i B *
-2 Zd/+% T T df =0.
i=l rey i=1 ter j=i

Equation (D.6) shows that, if all the banks clear their position at the fixing, their net

demand is the opposite of the total of the clients' orders executed in the OTC market and at
the fixing.

The orders are splitted into commercial orders and speculative orders executed in the

OTC market, equation (15) of the main text, respectively, TC/ and TSI in the OTC market:

ror = et + 1s1, (D.7)
where
: BP £ A“}fd’
el = Y- MY + =, (D.8a)

t=1 e_,



714 = 3.~ SPEY . (D.8b)

-
Il

Hence by using equations (15) in the main text, (D.7) to (D.8b), the total of the banks'
net purchases, equation (D.5), becomes:

B ; B ; - B il 2
Zlmg = _):%(mg +T81%) = —erag S rsit,
= = i= i=1

which becomes by introducing the daily trade balance {f 6 -ﬁé) and the total

speculative demand SPE f; i
E e 3 T
iEIF!XD = —[ p—Mp J+ SPE *py. (D.9)
QED.

B. Central Banks, Speculators and Market Equilibrium
It has already been pointed out that, for the sake of simplicity, the purchases and sales
of the central banks on the market are neglected; hence we assume:

Assumption D.2:
Foreign exchange reserves are held constant.

With such an assumption, the equilibrium of the exchange market at the fixing time D
reads from equation (D.9):
B -
avll o Fef g Ysped =
,E]HXD ——-[XD—MD)+SPED—{}. (D.10)
The previous equilibrium condition (D.10) becomes with some algebra calculations
using equations (7) and (8a) of the main text, and equation (B.15) of appendix B:

SPE*} =u*p +3p-8p &p (D.11)
where:
d d
ZAoX 2X
“'D=_"Q“_M'7‘-o va.rﬁ’*n _AL_MJJ‘”= (D.12a)
€rr-1 €M -1
e SR
- _TR 5B, (D.12b)
EM-1

and the speculators' expected demand for currency SPE ‘f){ the formal expression of

which has been determined in appendix B, equation B.15) has to be calculated now.
For the sake of simplicity, the following usual assumptions are made:



Assumption D.3:

The number of speculators is constant, i. e.:
NSD—I =NSD_2=NS‘ YD=z3 (D.13)

Of course, central banks also influence the exchange rate through their monetary policy
which, for "small" countries, is generally assumed to be a reaction function linking the
level of the short domestic interest rate to the values of variables characterising domestic
and foreign conjunctures. On the very short period, the evolution of the exchange rate
depends on the domestic and foreign interest rates and on the value of the trade balance. A
question should now be answered: how the domestic central bank will fix its short term
interest rate? It is shown in Chauveau (1990) that, under fairly standard assumptions*, the
optimal monetary policy may be written:

rt=rl 4 nd-nl 4 Y ep(s(-k)-s5¥),
k=1

where r4 (rf ) is the domestic (foreign) interest rate d (n 4 ) is the trend value of
domestic (foreign) inflation rate and s (s*) is the current value (long run equilibrium value)
of the real exchange rate. However, such an analysis is relevant on a quarterly or, at most,
on a monthly one as it requires that the variables are observed simultaneously. This is no
more the case, if we take into account daily decisions but the theoretical result obtained on
a quarterly basis -the existence of unitary coefficients for the foreign interest rate and the

- inflation rate- suggests the following assumption:

Assumption D.4:
On the very short run, the central bank keeps constant the difference between the

Jforeign and the domestic interest rate, i. e.:
PDT Dot 23 (D.14)

This is a realistic although very elementary behaviour of the central bank; the gap
between the two rates is modified but when news about domestic or foreign inflation
become available or when discretionary policies are undertaken.

Assumption D.5:
Assume the monthly exports and imports are uniformally distributed over days, i. e.:
Ap=A VD23 (D.15)

3 Chauveau, T. (1990). "Optimal Monetary Policies in a Small Open Economy", in Monetary Policy,
Artus, P. and Barroux, Y., eds, Amsterdam: Kluwer Academic Press.

# The short term domestic interest rate is the instrument used for monetary policy, no intermediary target is
selected, and the central banks want to minimise the variance of the rate of growth of the exchange rate.



Then the definition of 8 j, given by equation (8d) in the main text, becomes:

>
§p=5= eif,:‘ (D.16)

Under the assumptions D.3 to D.5 and neglecting second order terms in interest rates
[Rf = l], and using the relationship (B.15) of appendix B for the speculator's expected

demand for currency, the equilibrium condition (D.11) of the forex market at the fixing
becomes:
E[ED |F1.9—1]‘ P ep1- E[ED-I ’Fln-z]+ pep2 =B (u*+ip-3 &) (D.17)
with:
B =byg2o? R/ /Ns. (D.18)
This equation is analogous to the one obtained by Broze, Gourieroux and Szafarz

(1989, equation 8, p. 104) in the framework of a rational expectations model for the price
of a financial asset when the supply is noisy. Then the exchange rate &, obeys the

following second order stochastic difference equation:

cép-Ep-%x €p | +Ep_1+PpEp-2 =P (W*+Vp) (D.19)
where:

& =% - E[ép |F10_,] (D.20)

c=1+p & (D.21)

r=1+p. (D.22)

If expectations are rational, € may be any martingale difference sequence ( i.e. as a
process orthogonal to the past values of other variables (Broze, Gourieroux and Szafarz,
1989)) . Following these authors, we look for solutions of the form:

oo
Ep=Hp+ LWk Vp_x=Hp+P(B) V) (D.23)
K=0
when:
Assumption D.6:

There is a zero interest rate differential between the two countries.

The equilibrium condition (D.19) is then solved, by using the undetermined coefficients
method, in two steps, respectively for the deterministic part and for the stochastic one.
When the speculators are risk averse (8>0) and when the daily trade balance depends on
the exchange rate (8 = 0) the solution is given by:

(i) To obtain the stochastic part of the solution of the equilibrium condition (D.19), one

must take into account the following statistical properties of the forecasting error:

£p=vo Vp (D.25a)



E[E]=0 (D.25b)
Var[£]=vy¢ 62, (D.25¢)
where 03 is the variance of the daily noise v, p; the stochastic part of equation (D.19)

thus reads:
¢ P(B) Vp -vwo Vp—x B P(B)Vp+yo BVp+p B2 P(B)Vp=PB vp (D.26)
and its solution is:

pg)=—Yo Yo BB

c-y B+p
Explicitly, the y's are given by the following equations:
Yo =al (D.27a)
y, = (_ITL;TLS_ (D.27b)
K [ & 5 |
v, =(1+p8)2 I(pov%—]cosﬂ K+-L'l_—]#)-sin9 K| VK22.(D27c)
| (B 8)2
where:
120 = (p a)z1 ;

M_y. Mg, are the initial conditions.

K
Note that the modulus of y, is given by (l+ B 8)_?, which according to the

possessiveness of the parameters B and & converges to zero,
(ii) The solution of the deterministic part of the equilibrium condition (D.19)
CUp—X Hp+P Hpa=P u*

reads:
B ]
» o * -
hp =5 +(14p8) 2 (uo—%Jcose D+t1780 o p|  (D2g)
(B 8)2
D

Note that the modulus of the u, is given by (1+ B & }" 2, which according to the
possessiveness of the parameters B and & converges to zero. Consequently, p, converges
u *

to 5_

All the previous results are put in the following proposition:
PROPOSITION E.2: Calculated within the framework of the BGS model:
1. The value of the exchange rate at the Jorthcoming fixing reads:



D-1

ép=Hp+ LYK VDK (D.29)
=0

2. Its expectations conditional upon the information held in the past values of the daily
noises writes:

D-1
Elepltipi]=e*p = up+ KZ]W{ ¥p-k (D.30)

and the fixing exchange rate reads:
Zp=e*p+wo Vp. (D.31)
3. The first and second order unconditional moments of €, and its expectation e*

- E[E’D] = E[e“D] =up

E[(E‘D)2]= pp?+a,? KZ_:P:(zJ

E[(ED)Z] = JF-[(E"D}Z]+'~P()2 o)’
E[2p e*5] = E[(e*0)?]
where up is the deterministic component of the &, and sz the variance of the daily

noises.

The speculators' expected demand for currency being given by equation (B.15) of
appendix B, reads:

x £
SﬁE 'jg e £D f NSD—I ——'f!)_—lf NSD_}
bop Rpy bop. Rp-a

According to the definitions of €p , equation (D.29), and the expectations, equation
(D.30), given in the proposition D.2, the speculators' expected demand for currency
becomes after a straightforward calculation:

B SPE* = pp-1 Hp +P Bp,
D-1 (D.32)
+["’l - P ¥o) Vi +K§)[w”+2 - X Vg P V) ook



APPENDIX E!

The OTC exchange rate dynamics and

its conditional statistical properties

A. Each bank observes the noises corresponding to its clients' orders

1. Determination of the OTC exchange rate
Formally, the exchange rate at the fixing at D day is the following random variable:
& (Q F.P) > (%, B(R,)).
At a given time ¢, within the intrafixing period? {(D -1, D)} when each bank observes

the noises corresponding to the orders of its clients, the information structure of the
quoting bank i = 0(r) reads:

5B i i =

I=on, ,uRiuB) i=lwBandi=lw5P.

Recall that Il ;, | is in fact included in both 12} and I3,.

The OTC exchange rate writes:
5 = E[a[t]

It is the orthogonal projection of €, on to the closed Hilbert sub-space H! = LE(F,i )

As assumed in the main text, the banks determines the model of the fixing from the
knowledge of the past values of the exchange rate at the fixing by the BGS' model, which
is a linear rational expectations model. This gives time-independent expectations e*p

within the OTC period:

1
ép=up+ va VD-K
K=0
D-1

e*n=pup+ VK Vp-k
K=1

Because e*p, is a linear functions of the noises relative to the orders, then any observer
of the of the past values of the exchange rate as the information given by the noises:
Flp_; =U(ED—K, 1K< D—l]=l‘.‘i(\"'D_K‘ I=K<D- })= Iip_y.

E-D € HVD_]

| When necessary look to the main text for the definitions of symbols.
2 The short hand notation {(D—-l. D)], instead of (D— I D]K\N, is chosen for the sake of
simplicity. :



where Hvp_ is the closed Hilbert sub-space of linear functions Il _;-measurable.
As the second and third source of information, which are respectively the implicit
exchange rate and the previous quotes, are variable during the day {(D -1, D)}
The implicit exchange rate reads:
; V!
% =e*p+yo .

A

The corresponding information structure is:
o('e' *fr) = c(lig_l uo(ﬁi, t=1to r]) =12,

Proposition 5 of the main text gives the following orthogonality condition:

E[(z+ - e-D]e*D]=%E[G’,‘ e*p]=0.

Let us determine the OTC exchange by considering the banks determination from time

t=1.
At time ¢ = |, the quoting bank 0 (1) = 1 knows the expectations e* p and its private

' corresponding to the orders of its clients. Its

information given by the noise \Tl
information structure reads:
U(”D_] UU[\’«'-]IJ) = IZ{.
Its quote reads:
5 = E[ED‘D}]_

Because of the orthogonality condition between the expectations e * p and the noise \7-11,
the two closed Hilbert sub-spaces Hvp,_; and Hv li of linear functions Il _;-measurable
and U(G'_lll-measurable are orthogonal. Then the quote, that is to say the OTC exchange
rate €], is a vector of a closed Hilbert sub-space which is the direct sum of these two sub-
spaces:

Hl =Hvp_,® Hv].

Consequently, the OTC exchange rate &) is searched as the sum of the expectations

e*p with a vector collinear to the noise \7['. The coefficient is determined by minimum of

the quadratic error {O_I:SQ}. Then the exchange rate at time ¢ = | reads:
g =e*p+yg V.

B2



At time f=2, the quoting bank 8(2)=2 has three sources of information: the
expectations e*p, its private information given by the noise \?22 corresponding to the

orders of its clients and the previous OTC exchange rate 'e“l gives it the information as the

noise v 0(51) = U[\?]l ) Then its information structure reads:
c(llg_l uc(\f]] )ua(@?)) = 12%,
Its quote reads:
- E[ED|!2§].
Because of the orthogonality condition between, on the one hand, e*, and \?22, and on

the other hand, the two noises \?22 and \‘3:1', the three closed Hilbert sub-spaces Hvp_,

vaz and Hvll of linear functions respectively Il ,_;-measurable, U(\?zl)-measurab]e and

o(\fll)-measurab!e are orthogonal by pair. Then the quote, that is to say the OTC exchange

rate &,, is a vector of a closed Hilbert sub-space which is the direct sum of these two sub-

spaces:
H3 = Hvp_, ® Hv ® Hv/.

Consequently, the quote is searched as the sum of the expectations e*p with two
vectors which are respectively collinear to the noises V7 and V). The coefficient is
determined by minimum of the quadratic error (OLSQ). Then the exchange rate at time
t =2 reads:

B o =2 =]
e=¢ D*tWo VZ tVo Vi -
This expression shows that the private information of the banks are progressively

integrated in the OTC exchange rate and transmitted to the market.

This geometric determination of the OTC exchange rate is carried on until the current
time 1. The general expression which is obtained by taking away the previous quotes of the
quoting bank 8 (). On the one hand, the Hilbert space Hj associated to the information
hold by bank @ (¢) at time ¢ can be spanned into the direct sum of the closed Hilbert sub-
spaces corresponding to e*, and the last B cumulative noises corresponding to the noises

of the orders of the quoting bank and the B—1 noises integrated in the B—1 last OTC

exchange rate values (\ﬁe(‘}.\ﬁe(‘); s=t—(B-1tor- 1) :



o(e-(8-1) 8(r)
H: =H"D-leH"x—(8-l} 9...9!{\;, §

On the other hand, the OTC exchange rate reads:
Max(t-1, B-1)

= ~ |.0(0) 0(r-k
f:=5{"0"f(r:[="0+“'0 *ZD o Shat

2. Determination of the first difference of the OTC exchange rate
From the previous equation, the difference €, - €, | reads:

g =8 +vo v ifr<B

3 =¢,_,+V, (\-7_,9('] —vﬁe_(_;)) since 0(r-B8) =6(r) ifB<t<BP

since 8(r-B) =0 (r).
These equations are written in the following more compact form:

€ —€-1 =V ¥

t=h 2 8P (E.1)
i =5 - Hu-B) G
= : 1 x20
where H(x) is the Heaviside function H(x) = :
0 x<0

3. The OTC exchange rate is a random walk
Recall that :

t
=i =i i _ id i
Vo Z"’t- Vo B Vg /"M’—l‘“"’f’r
=1

where V4, V. are zero mean and not correlated noises.

The expectations of the noise #, calculated from its definition (E.1), it writes:
E(@#i)=0, t=1,2,..,BP

The covariance is calculated by using E(\ﬁ‘ \'«",j ) =0, 8, j min(:, s), it reads:
E(i, @,)=0,28,, min(t, B), 1,5=1,2,.., B P.

This results is expected because noises of different banks are independent and the noises
of a given bank are not autocorrelated.
The OTC exchange rate is a random walk as soon as B+1<t< B P, i. e. when the

variance of the noise is the constant E(ir‘,z) =0’ B, t=B+l,..,BP.



4. Comparison between the last quote of the OTC market and the fixing exchange
rate
The last quote is that of the bank B at time B P; it reads:

egp =€*p+yo {73% + VAP + .o +“=£:P—(B—l)]

The missing private information to the market correspond to the noises the banks have
received since their last quote, that is to say (recall all the private information of bank B is
in its last quote €gp):

Forbank B—1: Vp_,.

Forbank B-2: VA5 + Viap3.

ol ] =]
Forbank 1: Vigp +Vpp_; +...+ VBP-(8-2)
If the number of quoting time is much greater than one (8P >> 1) and if the do not vary

very much from one time to another one, the missing private information which are equal

to the sum of the what is missing for each bank is close to the daily noise:

1l

B

B-1
BPt

B

=1 2, =i~

B —l+"'+VBP-(B.-]]=§rVBP“VD
i=

Ll

<
<

Then
if BP>>1.

EBP —)B‘D +yp ‘TD ZED
5. Observer's information structure
At any time, the observer's information structure is the tribe generated by the public

information which consists of the past values of the fixing and of the OTC exchange rates,
respectively (ED—-KG IsK=2 D—l) and (Z",_k; 1<sk<t- 1). It reads at time /- 1:
®_; =o(o(ep_x; 1K< D-1)uo(F s 1<k <1-1)).
According to the assumption that the fixing exchange rate is a linear function of the
noises to make the daily noises to be observed, we have been given:
o(ep_g:1sK<D-1)=Fl,_ =1l,_,. (E.1)
On the other hand, the tribe generated by the past values of the OTC exchange rate has
to be determined. It reads:



13,_;=0(g_s; 15k<t-1).

According to the definition of the OTC exchange rate, equation (34) of the main text,

€.y is a linear function of €_, and of the vector of noises
7o(r-1) _| ~8(-1) ~0(r-1) : : ) :
et _{v‘_] v~V g1 1-1-(BD) received by the quoting bank 0 (¢ — 1) since

either its last quote at £ — 1 — B or the opening of the OTC market if it has not been quoting
yet. These private information have been conveyed to the market by the quoting bank
6 (¢ - 1)to the market at time ¢ — | by its quote &_. Then the tribe generated by &, _, reads:

o(&-1) =0(0("’":-(1’_')]'»’0(2’}—2)J=°(’}ﬁ({_”, 3:—2]-
Then
B,y =0(g_s;1sks<t- l)=°(ﬁ€(lr-”, -2, €-k; 35k Sf—l}-
This recursive procedure of substitution mainly based on the use of the following
relationship of generated tribes by random variables cr( 2¢ Y) =o(o(X)uc(Y)) is carried

on until k =¢-1, to obtain:
B3, =0(g_s;1sk<t-1) =c(c(ﬁ€‘,§‘“; I<ks<t- I)UO(e‘D)J‘

The observer, knowing {9D~X¥ IsK<D- ]) gets the information structure (E.1). On
the other hand, the expectations even if it is not known by the observer is a linear function
of the past values of the daily noises, then according to equation (24) of the main text, it
reads:

ole*p)=c(Vp_gxi1<K<D-1)=1,_,.

Then the information generated by the past values of the quotes is:
13, =0(g_s; 1skse- l)zc(o(f,‘l(;‘“; 1Sk<t- I)ullD_])

Finally, taking into account which quantities are redundant in among the different
tribes, the observer's information structure reads:

@r__] =U(ﬂ[i};€(§-k); 3gk<t- I)UllD_l)E I3t__]<

that is to say it consists, on the one hand, of the tribe generated by the past values of the
quotes because the expectations of the forthcoming fixing is in fact included in the first

quote of the first quoting bank, and on the other hand, of the noises, i. e. the private



information, which have been conveyed to the market by the banks which have quoted up
to time 1 — 1.

Coming back to the generating variables, which are the noises relative to the orders,
even if they are not observed by the observer, the observer's information structure reads:

=1
= ~0(t—k) ~B(t—k) =
¢I‘—I = ]31‘—1 "ULU U[vl'—k ¥y vm[l t-k—(ﬁ—])) })G(VD—K; K=1to D- l)
-l ¥
Then for the observer, the past values of the fixing exchange rate and of the quotes

generate all the information relative to the banks' private information.

6. The conditional statistical properties of the OTC exchange rate: the bank's
analysis

Consider bank i. After time ¢ - 1, its information structure is given by the knowledge of
its private information and of the past quotes; it reads:

I =o(12{ U3,

where I3, is explicitly given in proposition 8 in the main text.

Consider a non-quoting bank. Because of the assumption of statistical independence
between the orders of different banks, its private information does not give to the bank any
kind of information of the private information of the bank which is going to be quoting at
time ¢. Then this private information is independent of any non-quoting bank's information
structure. All the non-quoting banks are in the observer's situation with respect to the
noises corresponding to the private information the quoting bank. By contrast, the quoting
bank 6(r) knows its private information which is going to be conveyed to the market by its
quote, at time «. Then the banks' conditional properties are given in the following

proposition:

PROPOSITION:
1. The bank's information structure reads:

I =o(r2i un,) t=1,.,BP.
2. For bank i, the OTC exchange rate conditional dynamics is characterised by:

(i) Its conditional expectations read:



max(r-1, B-1)

E(E;’lf;-l)=e:—1 +8i0(1) Vo kZO \TP_{{'“ =i AP

(ii) lts conditional variance reads:
Var(&ti_,) = (1-8,0()) wo? o, min(s, B) t=2,.,BP
Then at any time t > B, the OTC exchange rate is a martingale.
¢ Part 2, the proof relies on a similar straightforward calculation as it has been done in

proposition 8 in the main text. ¢

For the quoting bank, as intuitively expected, the OTC exchange rate dynamics is
deterministic: it value is given by the last quote of the market and the quoting bank's

private information.

B. No bank observes the noises corresponding to its clients’ orders

1. Observer's information structure
As in the previous case A, the observer's information structure reads at time 1 — 1:
@, =o(o(ep_x; 1sK<D-1)Uo(z,_s; 1<k <t-1)).

According to the assumption that the fixing exchange rate is a linear function of the
noises to make the daily noises to be observed, the information structure due to the past
values of the fixing exchange rate is given by equation (E.1 ).

On the other hand, the tribe generated by the past values of the OTC exchange rate is
different because now the OTC exchange rate is determined by an econometric equation.

This information structure has to be determined; it is:
of&_g;1sk<t-1)=F3,_,.
This tribe is determined by using the method presented in the case A. According to the
definition of the OTC exchange rate, equation (39) of the main text, it is finally obtained:
®_ =F3_=0(g_s;1skst- 1}=o(o(ﬁ?f;_k); 1sk<t- l)uI!D_I }L
where for k=1tor-1:

0 (1-k) 0(1-k) B (rkl . - "
Uik =(‘":—k ’""’e‘rrgx(r)—k‘r—k-(a—l))’a"*’bﬁ‘;’=0’1’2‘c}

By observing the past quotes the observer gets the information which consists of the

private information of the bank and its estimators of the OTC exchange rate.

2. The conditional statistical properties of the OTC exchange rate: the bank's
analysis
For any bank i, whose information structure at time ¢ =2, B P is F} =U(F2: uFB,),

when it is not quoting, because its quotes are not informative of the quoting-bank's private

information, then its conditional moments are equal to the observer's ones, particularly the

conditional variance Vaﬂ"("e'I ‘F,' ] = Var(é', |':lill )



